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SCHUR MULTIPLIERS OF FINITE

SIMPLE GROUPS OF LIE TYPE
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ROBERT L. GRIESS, JR.

ABSTRACT.   This paper presents results on Schur multipliers of finite

groups of Lie type.   Specifically, let p denote the characteristic of the fi-

nite field over which such a group is defined.   We determine the p-part of

the multiplier of the Chevalley groups   G A4), G2(3) and F .(2); the Steinberg

variations; the Ree groups of type  F ,  and the Tits simple group     F (2) .

Introduction.   For a general account of work on the Schur multipliers of the

known finite simple groups, the reader is referred to [8].   The gaps in the multi-

plier situation as discussed in [8] have since been filled (specifically, rr2(.l) = 2,

772(.2) = 1, 772(M(24) ) = 1) and these results will appear in a paper dealing with

multipliers of sporadic simple groups [9].

In this paper we prove the following theorems about multipliers of groups of

Lie type.   Theorem 1 will follow from the theorems of Chapter I, the statements of

which contain detailed information about generators and relations for the (unique)

covering groups of these groups.   The results of Chapter II establish Theorems 2

and 3, and the results of Chapter III establish Theorems 4 and 5.

Theorem 1.  7222(G2(4)) = 2, ttz3(G2(3)) = 3, zt22(F4(2)) = 2.

Theorem 2.  M(2A2(q)) SZ(SU(3, q)>, i.e., m(SU(3, »)) = 1.

Theorem 3.   Let G be a Steinberg variation defined over a finite field of char-

acteristic p, i.e., G = 2a„(i)> n>2,   2Dnil), rz > 4,   3D^(q) or 2E&(q), where q is

a power of p.   Then M  (G) = 1   except for

M2(2A3(2))=* Z2, M3(2A3(3)) ^ Z3 xZ3,

M2(2A5(2)) Si Z2 x Z2,       M2(2E6(2)) Si Z2x Zy

Theorem 4.   // G is a Ree group of type F , then m(G) = 1.

Theorem 5.   The Tits simple group  2F.(2)' has trivial multiplier.
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Most group theoretic notation used here is fairly standard; see [7] or [lO].

Notation for groups of Lie type used here is that of [7, p. 491 ], and [4].   Other no-

tation for classical groups is that found in [lO].   Some notation special to this

paper is the following:

M(G) the multiplier of the group G,

miG) the order of  MÍG),

M (G) the Sylow p-subgroup of MiG), p a prime,

722 (G) the order of M ÍG),

m.iG)        miG)/m(G).
P p

Also, for group elements x, y we define xy = y~ xy and [x, y] = x~  y~ xy.

Assumed results. Most of these may be found in [5] or [8]; if not, a source is

noted. Fundamental results about multipliers and covering groups are nicely pre-

sented in [lO].

(1) (Gaschiitz's Theorem) If G is a finite group, 77 a subgroup, M a finite G-

module and (|zM|, \G : H\) = 1, then an extension of G by M splits if the restriction

to H is a split extension.

(2) (" Transfer Lemma") If P is a Sylow p-subgroup of G, x a p-element in

Z(G), then x i P' implies x i G'.

(3) (Fitting's Lemma) If A is a group of automorphisms of the finite abelian

group M and (|/M|, \A\) = 1, then M - CM(A) x [M, A].

(A) An automorphism of order prime to p on P, a p-group, is nontrivial if and

only if the induced automorphism of  P/<ï>iP) is nontrivial.

(5) The terms  G. of the lower central series of G satisfy [G., G.] < G.   ..
I ' l 1    —       z + 7

(6) (Cartan-Eilenberg) For H <G, the restriction map Hn(G, M) —>H"(H, M),

where  p \\G : H\, induces a monomorphism of the p-primary parts of the cohomology

groups.   The image is the set of stable elements of  H  (H, M) with respect to G

([3, Chapter XIl]).

(7) If a Sylow p-subgroup P of G is elementary abelian of order p  , then

p Tz7z(G) if the normalizer of P effects a transformation on P of determinant not 1.

(This follows from [8, p. 644].)

(8) All covering groups of a perfect group are isomorphic [lOJ.

(9) An automorphism a of a perfect group can be lifted to an automorphism of

the covering group.

Proof. (Alperin) Let 1—'R—>F-^>G—»1  be a free presentation of the per-

fect group G.   Say the free generators   x . of F map to p.,   i = 1, • • ■ , 72, a set of

generators for G.   Suppose g .= h ..   Write h . as a word w .(g  , • • •, g   ) in the g ..

Define an endomorphism ß: F —* F by x.= w .(x    —,x  ).   Then ß n = 77a.   Now,
1 l .     « ß ß ß

X   ß maps R into itseIf because if a word v = v(x^, — ) x ) lies in R, vp = v(xp, • • •, x   )
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, /   Btt ßrr\       / tro. 77a.      / 77 rt^a.     ,  .
goes   under   77   to   v(x^   ,*••,*     ) = v(xj ,•••, x    )=v(x^, — , x  )  =1 because

v £ R means v   = 1.

Since  G = G , RF   = F.   ß leaves invariant each vertex of the diagram below.

[R,F]   à

A covering group of G is obtained by taking  F/S, where  S/[R, Fi is a complement

to R n F'/[R, F] in R/[R, F].   In our case, taking incidence implies  F/S Si

F'/[R, F] and ß induces a on F'/R n F' = F/R.  We claim the endomorphism ß*

induced by ß is an automorphism of E = F /[R, F].   Clearly the product of the

image of ß* on E with R n f7[R, F] is F.   But since  R n f7[R, F] is central,

it lies in the Frattini subgroup of F.   Hence ß   is onto and so an isomorphism.

(10) If  K/A Si G, A < Z(K) n K', then there is a covering group H of G with

quotient isomorphic to K [l0].

(11) If H<G,  H = H', and m  (G/H)= 1, then m (ff) = 1 implies m  (G) = 1.

Prool.  Take G, a central extension of G by a p-group A.   Then  H = H  x A =

H x A and each factor is normal in G.   Let G   = G/m  , a central extension of G/ff.

If A   = AH /H ,  m (G/H)= 1 implies A O G    = 1.   As G is arbitrary, we get

r72p(G)= 1 by (10).

(12) If K/A = G, A < Z(K) n fi and the ordinary representations of K over an

algebraically closed field k of characteristic p > 0 lift the projective representa-

tions of G over /e, then A a zM(G)/M (G) (e.g., 3.2 of [l8]).

(13) [*y, z] = [x, z]y[y, z],  [x, yz] = [x, z][x, y]z.

(14) Let A, B be subgroups of G. Suppose [A, ß] centralizes A and B. Then

[aa', è] = [a, ¿>][a', ¿>] and [a, bb'] = [a, b'][a, b], a, a' £ A, b, b' £ B. (We say

here that [ , ] is "biadditive" or "bimultiplicative".)

CHAPTER I. SOME CHE VALLEY GROUPS

Groups of type G_• We begin with a discussion of groups of type G    defined

over any finite field K.   Eventually, we will specialize to  K = GF(4) and K= GF(3).

Suppose 2 is a root system of type G'-.   We may depict 2 as a subset of the

plane with a real inner product ( , ).
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,3a \ 2b

-3a-b

3a + b

-3a-

Here, the fundamental roots are a and b, and the positive roots 2    listed in

the usual ordering are \a, b, a + b, 2a + b, 3a + b, 3a + 2b\.

The group GAK), defined over the field K, is generated by the elements

x (t), r £ 'S., t £ K.   Among the important relations satisfied by these elements are

(A) Additivity. x^O*/«) = xf(t + u),  t, u £ K, all r £ 1.

(B) Chevalley commutator relations,  [x (t), x  (u)]~Ux-     ■ (c..    Au1),  t,

u £ K, all r, s £Z, r 4 — s.   The  c..     ate certain integers independent of t and

zz, and the product extends over all i, j such that ir + js  is a root, the terms being

arranged lexicographically.

We list the commutator relations for r, s £ 2 .

[xa(t), xb(u)} = xa+b(- tu)x2a+b(- t2u)x3a+b(t\)xia+2bi- 2t\2),

be At),
" a\b ("M = *l~J>- ^»K^t2«)*,^,,,^«2),2z2+fc 3a+¿>v îa+2bx

[xa{t)' X2a+b{u)] = Xla+b{3tu)>

[xb{t)> xiaJu)] X5a+2b{tu)>

lxa+b{t)'X2a+b{u^ = xia+2bi3tu)-

All other commutators  [x (t), x  (u)\, r, s el,   ,  t, u e K, ate trivial.   These for-

mulas are derived from [12, p. 443].

Let  K = GF(q), where q is a power of the prime p.   If we let  U = (x (t)\ r ez+,

t e K), then U is a Sylow p-subgroup of G = G2(q).   Also, NG(U ) = UH, where 77 is

a Cartan subgroup.   We have  H = (ha(o)))x (è&(<u)), where a> generates Kx  and each

factor is isomorphic to Z     ..In fact, h (u)h (v) = h (uv), for u, v £ Kx, r - a, b.

For each r £ S, H normalizes Xr = (*r(0| t e K), and xr(t)

is the Cartan integer c = c(r, s) = 2(r, s)/(s, s).

hAu)
x (tu  ), where c
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Notice that certain terms in the relations of type (B) drop out in characteristic

2 or 3. As usual, we let U ■ be the z'th member of the descending central series of

U.   When  K = GF(4), we have

U, = U, U2 = (Xa+b' X2a+b' X3a+b' Xla+2b''

3 ~^X5a + b' Xia+2b'' ('Xia+2b/'

In fact, reversing the order of the terms will give the upper central series.   So, the

class of U is four, U ./U.   j  is elementary abelian, 1 < i < 4, of order 24, 24, 22,

2  , respectively.   When  K = GF(3), we have

U,

(X

u
2

, x

(X-     ,, X2     ..,, x     Av)x.     A- v)\ v £ K),
N    2a+b       ia+2b      a+b ia+b ' "

2a+b'      ia+2h ), i/4 = l.

The factor groups   U./U.   ,,  1 < i< 3, are elementary abelian of orders 3  , 3, 3  ,

respectively.

The Weyl group of this root system is dihedral of order 12 and acts as the

group of symmetries of a hexagon on the set of short roots and on the set of long

roots.

Denote by H a Cartan subgroup of G.   Assume  a /= 2.   If we set N = NG(H),

then  N/H Si VI, the Weyl group of 2.   For each w , the fundamental reflection

through the hyperplane orthogonal to r £ 2, there is a distinguished W-coset repre-

sentative 72   of N which maps onto w   under the above homomorphism: 72   =
r r r r r

x (- l)x    (l)x (- 1).   If a = 2, we define the subgroup N as the subgroup generated

by all the 72 .   This element 72   has the property x (0 r = xw is)iVr s0, where the

77       are certain integers  ±1.   These  77       satisfy the rules  7/      =- 1,  77 =

Vr.s' V-r.s = ^r,w (s): A table of  ^r.s for r, s e 2   , taken from Ree, is given

below [12].
Table 1

s:      a        b      a + b      2a + b    3a + b    3a + 2b

a

b

a + b

2a + b

3a + b

la + 2b

If we denote by G  the abstrae group presented by generators x (t), r £ 2,
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t £ K, satisfying relations (A) and (B), then the theorems of R. Steinberg in [l5]

show that G   is the covering group of G for representations over an algebraically

closed field of characteristic p, and that  G   = G.   Hence p is the only prime which

can divide the order of the Schur multiplier of G.   We shall assume this fact

henceforth.

Let G be the covering group of G.   Since G is simple, G = G  , and the kernel
a *. *,

of the given map <p: G —• G is A = Z(G), the center of G.   When convenient we

shall regard <p as the canonical quotient map of G by A.

If V denotes the preimage of U in G, then V is a Sylow p-subgroup of G and

V/A = U.   We have  W-, V.] < V.    , as is true in any p-group, butalso [AV., Av]<

V■    -, because A is central.   Note further that  [x, y], for any x, y £ G, depends

only on the coset of each argument modulo the center A.

The group GAA).

Theorem.  The Schur multiplier of G = G A A) has order 2.   The covering group

G of G may be given with the following generators and relations:

\yr(t)\r £l,t £K\,       K = GF(4),       Kx = \l, co, co2\;

2 is a root system of type G2-

yr(0)= 1, y At)2 = £

(A)    yr(Dy>) = y^    yr(t)yr{u) = y>V/'K -

for all short roots  r £ S,  t, u £ K  ;

yit)y iu) = y it + u),    all t, u £ K,  all long roots  r £ 2,

(B) [y it), y  iu)} = u y ■       Ac.    t'u')f     it, u)
*■    ' } r J s í±yir+js     tjTS 'r,s

i.i

where f     it, u) = 1 unless r is short (resp. long), s is long (resp. short), and they

form an angle of 150°, z'22 which case f     (t, u) = Ç, for tu 4 0, or unless r and s are

long inclined 120° to each other, and t 4 u, tu 4 0 222 which case f     (t, u) = £; the

c..     are the same integers as in the corresponding formula in G (A), and the terms

in the product are ordered correspondingly.

We are interested in a set of representatives xf(t) £ G and relations like (A)

and (B) holding among them.   Let   Y   be the preimage of Xr in G;   Yf/A = Xf.   Re-

call that V is the preimage of U in G and that V ■ denotes the zth term of the de-

scending central series of V.

Lemma 1.   y    z's abelian if r is long.   If s is short, V'= (Ç), C   = 1« for a77

short roots s.
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Proof.  For some w £ W,  (Xr)"w = X?a+ 2fc.   So, Y'T Ç [A V4, A vj Ç Vg = 1,

and  Y   is abelian.

Let fs(t, u) = [x s(t), &s(u)].   By applying the nw, w £ W, fjt, u) = fa(t, u)

lot all short roots s.   Conjugating the commutator by  hAv), we get fa(t, u) =

fa(tv2, uv2), v £ KA.   Also, 1 = &a(t), lca(u)2\ = f(t, u)2, so f(t, u) = f(u, t) as

[x, y]~    = [y,x].   All this implies  / (/, u) = fa(t', u') for any t / u, t' / u' in Kx .

Setting £ = / (/, a) for t / u finishes the proof.

For r long, Fitting's theorem gives us a decomposition  Y  = [Y , //] © A.

Define y (/) as the unique element of xr(t) O [Yr, H].   For s short, define ys(0)=l

and ys(Xt) = & (t), hs(X)], fot t / 0 where (X) = Kx .   In either case, these repre-

sentatives satisfy

y it)h = y (/') where  h £ H,      x (t)h = x it'),
Jr Jr r r

Y it)"W = y   , ,it)      for 72     £ N,       x it)nw = x   . At),
J r J w'r) w ' r w(.r)

yit)yiu) = y it + u)    for r long,   t, u £ K,

ysit)ysiu)   = ys(t + u)d {t, u)    for s short,   t, u £ K,  dsit, u) £ A,

y it)     = C for s short,  t ¿ 0.

The last fact comes from  1 = [x   (t)2, h  (A)] = y  iXt)2£.
s 's s ^

The factor set d(t, u) = d (t, u) is independent of the short root s, by the

above.   In the group G = G/{£),  Y    is abelian.   So, Fitting's theorem applies to

give Xs = [Ys, H] =(ys(t)\ t £ K), and then ys(t)ys(u) = y (t + u).   This says

that d(t, u) £ i£).   As in the previous lemma, d(t, u) - d(tv, uv), all v £ Kx.

Clearly, d(t, u) = £,d(u, t).

The relations (B).   For the analogue of a typical Chevalley commutator relation

in G we write

lyit),y (u)]=Uy-     M-   ''"'V    it. ")•
Jr J s *■* J ir+js     ijrs 'r,s

Our object is to describe the  /     (t, u).   By applying some  n   , we then may assume

r, s is any given pair of roots of the same lengths forming the same angles, as VI

is transitive on such pairs.

We can now give a description of certain /     (t, u), r / s, — s.
r ,s

Lemma 2. Suppose that X   and X    have different centralizers in H and that

[yr(t), ys(u)] = n yir + jsiciir/uj)lrj, u).   Then,

frsit, u) = fT s(ty uA, for all t, u, ty zZj £ Kx.

Moreover, if [y (t), y  (u)] commutes with y (t) and y (zz), and if the  y .     . ()
'     J r -" s ' r    ' Jr    " i JijjfisK '

which appear are additive in their arguments and commute with each other, then

ffSt,u)=\.
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Proof. No X    is centralized by all of 7Y, so no  Y   is either.   By our conven-

tion, yri(0) = 1, all r   £ 2.   So, conjugate the commutator equation first by each

h £ C„(X ) and secondly by every h £ C„(X  ) to obtain the first result.   The last

hypothesis implies that [ , ] and all the y.     . ( ) are bilinear functions of the

commutator arguments.   This, with the first result, proves /     (t, u) = 1.

Corollary 1.   [y (/), y  (zz)] = 1 whenever [x (t), x (u)] = 1 unless r and s are

long roots forming an angle of 60°.

Proof.  To use the lemma we must check G„(X ) 4 C„(X  ) in all the above

cases.   Since r 4 s, there is some  w £ W tot which w(r), w(s) £ 2   .   So, [X , X ] =

1,  CH(Xr)4CH(Xs) is equivalent to  [Xw(r), *„,,„]= l",  CH(Xw{r)) 4 CH(X^),

which is checked for the relevant positive roots by inspecting the Cartan integers.

A separate argument disposes of the exceptional case.

Lemma 3.  If r, s £ S are long roots forming an angle of 60°, then [y (t),

y>)]=l.

Proof,  y (0, y  (") are conjugate to, respectively, y        -,At) modulo A and

y,      biu) modulo A, by some  n     £ N,   w £ W.   The commutator is central, so

[yr(t), ys(u)]= ty3fl + 2¿,(0, y3a + fe(")l e HV4, AV3]C V7= 1, as V has nilpotence

class 4 or 5.

Corollary 2.   // s and r are short roots, inclined 60° to each other then  [y  (t),

y (zz)] = y      (tu) (s + r is long).   If s and r are short roots inclined 120° to each

other, then  [y  (t), y (zz)] = y2   ..('  u)y  +2rAtu  ) (2s + r and s + 2r are  long roots).

Proof.  In the first case, by the conjugacy properties of the  y (/) under the 72   ,

we may assume s = a + b, r=2a+ b, s + r=3ö + 27».   So, we have that [y     At),

yia+2b(tu^and [>'2fl+fo(")'y3a+2è('")]belon« to ¡¿V^AvJc V6 = 1. and this

£iveS   fa + baa + b^' ") - l> Usin« Lemma 2-

In the second case, we may assume, as above, that s - a, r = a + b, 2s + r =

3a + b, s + 2r = 3a + 2b.   Arguing as above, we apply Lemma 2 to finish the proof.

Lemma 4.  If s, r are long roots forming an angle of 120°,  [y  (/), y (a)] =

y      (lu)f     (t, u).   Then f     (t, u) = 1 if t = 0, u = 0, / = u.   For other t, u,

f     (t, u) assumes the constant value y,y   =1.
s ,r

Proof.  We may assume s - b, r = 3« + b, s + r = 3a + 2b.  [X,, A       2^J =

[X3a + fc> Xia + 2bUl imPlies that fb,}a+b(t> u) is bilinear-   Since  CH(Xb) =

CH(X3«+e)'  '¿,3« + 6('t\w)=/fc,3« + 6(<'a),a11  V £ ^ "   APPlication of  na   CO the

commutator equation shows that fb ^a^yit, ») = Ib 3a+ (,("> ')•   All these facts

prove the various parts of the lemma.

Lemma 5.  For [y,(0, y (zz)] = y     ,('")/, „('. ")» where r and s are long roots



SCHUR MULTIPLIERS OF FINITE SIMPLE GROUPS OF LIE TYPE 363

forming a 120° angle, f     (t, u) = 1 for t or u = 0 or t - u, f     (t, u) = 8 otherwise,

some 8 £ A   independent of the particular r, s.

Proof.   By previous relations, /       is biadditive.   Conjugating the relation by

h(-v'' lr,s^1' ") = fr s^1» v~lu) = 1T s^v *> ̂ 2")> v e K* •   Conjugating by 72,,

where / is a short root orthogonal to r + s, f     (t, u) - f     (t, u) = f     (u, t).   If

0 / t ¿ u fí 0, we get /     (t, u) = 8.   Let 0 / t = u + v, where   u / 0 / v.   Then
r'S 2

f     (t, t) = /     (t, u)f     (t, u) = 8   =1.   Conjugating the commutator by all tz   ,

w £ VI, we prove the last part.

Lemma 6.  /    At, u) = Ç, = § for all t / 0 ■/ u.

Proof.   By the first part of Lemma 2, /   ,(/, u) = y for all tu /= 0.   Now,

ya(t)ya+b(t{ui+ u2)]y2a+b{t2{ui+ Ba)V3-+*('3(»i + »2>V«.*(*« «i + "2}

-yX*(",*a)-iy.^^o«1V2.^.1V3.+*o».1vli.^.l)iy»<,,2)

= ya(z)ya+^"2)y2a+6^2"2)y3a+fc('3"2Va,è('» «2)y«+»<i«^

• y2a+fc(i2"2)y3a+è(i3"1)y3a+2^3"i"2V3fl+è,è('3"i. «2V..*k V

= ya{t)ya+¿tu2+ tuMtu2' /"i)y2a+fc(z2"2+ t2uA^t2uv t2ui]

■ yia + 2b{tÍulU2)y}aJtÍu2 + ^"l^ia+lb^"^

■ fu+b,b{t'Ul' U2] L,b{t>  U2)la,b{t> Ul]-

Comparing sides,

fabit, a, +u2)

W = ¿(í«2, zz^at/2^, t2«!)/,.^3«,. «2)/.flJ(l. «,)/.,,>(/. «2X

yfl(i1+'?)       <       /     ya(-t\\yJtA
A similar computation with y,(a) = ly.(zz) S yields

(**)       /a fc(ij + z2, «)_1 = dit2u, t\u)dit2u, tlu)fa bit2, u)~Xfa b(tv a)-1.

Taking í = 1,  u1 = z¿2 ¡¿ 0 in (*), we get 1 = d(uv ux)2y2 = y2.   For z = 1,

0/ ux ¿ u2 ¿ 0, y = aYzz2, Z21)25y2 = S.   Taking u=l, 0 ¿ í, ¿ /2 ¡¿ 0 in (**),

y~l = d(tx, t2)d(t2, t\)y~2 = £.   So, y = 5 = £, proving the lemma.

Proof of Theorem.  G/(0- G because, modulo (£), the y (¿) satisfy the rela-

tions (A) and (B), which define the group G abstractly.   Hence, \A\ = \Ç\ divides 2.

The following is a sketch of the proof that 2| \A\.   Let  P = ((7f7, X     ) be a

maximal parabolic subgroup.   In the permutation representation of G on the cosets
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of P, one can (by specifying a system of coset representatives) compute that the

involution x  (/) fixes 25 cosets out of 1365.   As a permutation, it is the product

of Vi(I365 - 25) = 670 transpositions.   If we embed G in the alternating group

A.,,,  in this way, and let G be the preimage of G in the covering group A     ,

of Aj   6„, the fact that 670 = 2  (mod4) means that a representative in G for xa(t)

has square ;', (/)= Z(A    , ) [14].   Hence, G is a nonsplit central extension of G

by {]) = Z.. £4 1  and the theorem follows.

Curiously, the representations of G of degree 1365 on the other parabolic sub-

group Q = (7/7/, X   , ) leads to a split extension as xa(t) fixes 21 cosets.

The group G2(3).  In this section, we prove the following result.

Theorem.   The Schur multiplier of G A3) has order 3.   The (unique) covering

group of GA3) may be presented as the group generated by symbols y (t), reí.,

a root system of type G?, and t £ K = GF(3), satisfying the relations

y it)y iu) = y it + u),    all r el, t e K,

[yit),y (u)] = Uy.    .Ac.    t'u')a   it, u),
't j s Ai/ir+7S     ijrs rs

i,j

where the indices run over the same roots as in the corresponding Chevalley com-

mutator formula, the  c..      are the same integers, and the terms on the right-hand

side are arranged correspondingly.   The a    (t, u) are 1 unless \r, s\  is a pair of

orthogonal roots or a pair of roots at an angle of 150 degrees to one another.   If

\r, s\  is an orthogonal pair, then

a    (t, u) = a An ,   t, 27 ,    u)
r.s w   i(r),w   <(s)   's  ,r       's  ,s

for all reflections w , £ W, the Weyl group of 2, where the 77       are certain in-

tegers  ±1   listed later in this paper.   If r is a short root and s is a long root form-

ing an angle of 150°, then

a    (1, 1) = a    it, u) = a  .       . At, u)
r,s     ' r.s    ' w<.r),w(,s)

for all t, u £ K and all w £ W.   Finally aa fc(l, 1) = a^ ,      2fc(l, 1)     .

Lemma 1. Set Y IA = X .   Then  Y    is abelian.
r r r

Proof.  If r is short (resp. long), then Xr is conjugate to X       fc (resp.

X,      ,,_,).   Since each of these last two groups lies in  U     we have  [AV^, AVA <

V, = 1.   The last equality holds because U having class 4 forces V to have nil-

potence class 4 or 5.   Thus, Y = 1, for all r.

We choose a system of generators of G as follows.   Write H /A = H, N/ A - N.

Then  N/H = N/H Sá W.   Since H induces a 2-group of automorphisms on the

abelian 3-group Y , we obtain a Fitting decomposition
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Y   = [Y , H] © Cv iH) = [Y , H] © A.r r r r
r

This is a direct sum of //-modules (3).   By regarding X   as an f/-module, we have

the isomorphism  [Y , H] = X   of //-modules induced by the quotient map r/>.   We

now select the generators  y (t) from the cosets  x (/) by the rule y (t) = [Y , H]C\

xr(t).

These generators enjoy the following properties, which follow from the defi-

nition and the corresponding properties of the x (/) in G.

y (t)y (u) = y it + u),      all  r  £  2,  all  t, u £ K,

y itf = y (z'), where  h £ h £ H, x it)h = x it),
J T J r r r

y^*w= W± »>» where K enu,'we w>   xM)nw = W±t]-

The relations (B) are satisfied by the y (t) modulo a factor from A.   That is,

(B) [y it), ysiu)] = u yff+7>,7,Á'K>. u)
i.i

where the indices run over the same values as in (B), the  c..     ate the same as

before, and a    (t, u) £ A.   Our task now is to determine these last functions.
' rs

Lemma 2.  Suppose that X   and X    have different centralizers in H and that

br0\ ysi^ = nyz>+/>z7>/*7)ars(/> "}-    Then  ars(t' u) " °rs(t '■  U ' } fOT M

t, u, t', u   £ Kx .   Moreover if [y (t), y  (u)] commutes with y (t) and y  (u) and if

the y.  , . (c    tlu' ) which are not 1 commute with each other, then a    (r, u) = 1,
/zr + j5v   zjrs J ' rs^ '     ' '

for all t, u.

Proof.  No X    is centralized by all of H, so no  Y   is centralized by all of H.

So, conjugate the commutator equation first by an h from each h £ C„(X ) and

secondly by every h £ h £ C„(X  ) to obtain the first result.   The last hypothesis

implies that [ , ] is a bilinear function of its arguments, hence a    (/, u) is.   This,

with the first result implies  a   (t, u) = 1.

Corollary,  a   (t, u) = 1, unless \r, s\ is conjugate under the VIeyI group to

either {a, 3a + 2b\ or \a, b\.

Proof.  Clearly, a   (t, u) = a. (±f   ±zA for all w £ VI.   Except for the
' '     rs    ' w{r),w{s)        ' ' r

excluded cases, we apply the lemma to r, s positive.   Inspection of the explicit

relations (B) and the Cartan integers (below) gives the conclusion.

Table 2

r:      a       b      a + b     2a + h     J>a + b     3a + 2b

cir, a):        2   - 3       - 1 1 3 0

c ir, b):     - 1        2 1 0 - 1 1
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We now deal with the remaining cases.

Lemma 4. a   ,(l,l)a   ,     ,,(1,1)=1.
a,b    ' a,3a+2bx   '    '

Proof.  Conjugate ya(Obyy,(l) twice.

yaAt)y¿-l) - \yaAt)ya+bA- t)y2aJ- t2)y3aJt%a+2y)aaJ>At, i)Jy*(1)

= ya{t)ya+b{- l)y2a+b{- ^la^y^^K^1- l)yaJ-l)

■ y2a + b{- t2)a2a+b.b{- '* > ^iaj^ia^b^ ^'ia+2b{t\,b(t' l]

= ya{t)ya+b{t)y2aJt2)yia+b{- /3)y3a+2fe(i3')

• aa,b{t>  1)2 "W..*^3, ~ t)a2a+b.b{- «'. l}"

y,(-l)
Comparing the above with the expression for y At) gives the identity

a   At, l)2a, ,(r3, - i)a,     ,  ,(- /2, l) = a   ,(/, 1).
a,b )a+b,a+b 2a+b,b a,b

For an orthogonal pair, bilinearity and the rules

a    At, u) = a    At, a)"1,       «*    0. „) = a^ (, ,   ,, r/ , B)
r' s'r s (r)      s (s)

imply that, for t 4 0, a     (t, l)a.        -,(1, 1)= 1.   The first half of Lemma 2 on
r  J ' '     a,b 3a+2b

[a, b\ finishes  the proof.

It is now clear that the multiplier of G has order 1 or 3, as a     (t, u) = 1 or

4 1, for a pair |r, s\ of orthogonal roots.   We shall prove that the latter case holds.

Let B be the Borel subgroup B = UH.   We shall construct a certain extension

R of B by C, a cyclic group of order 3, with C < Z(R) n R  , and then we shall

check that the cohomology class of its cocycle in H (B, C) is stable with respect

to G in the sense of Cartan-Eilenberg (see Chapter XII of [3]).   This will then

imply that  H (G, C) is nontrivial.

Let R be the group generated by symbols zr(t), ka(v), k (v), reí   ,  t £ K,

v e K   , which satisfy

z(t)z(u)= z (t + u),     all t, u e K, re £'+,

k(v)k(v) = kivv),        r = a, b; v, v   e Kx,

i*r(t),*M)un*ir+is(cijrsti«i)ßrsu,u),

where the c..    , the indices, etc., are as in the formulas for G.   We let ß   (t, u)= 1
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unless jr, s\  is a pair of orthogonal roots or a pair of roots forming an angle of

150°.   For an orthogonal pair jr, si, we require

ß (77  ,   t, 77  ,    u) = ß     it, u)
"w   1,  .w   1,   .    's  ,r       's  ,s ^r,s

s'(r),   s'(.s)

fot all t, u £ K and all w , £ VI such that ¡r, s, ws,(r), ws, (s)} is contained in  2 + .

If r and s form an angle of 150°, we require ßTiS(l, 1) = ßriSU, ") = ßwrT)w(s)^' "^

for all t, u £ K and all w £ W such that jr, s, ws,(r), ws,(s)\ is contained in 2+ .

ßa.b^'l^ßa,ia+2b^^1'

[ßrs(t, u), zsAv)] = [ßjt, u), kAv')] = 1

for all r, s, s  , for r  = a, b, ail t, u, v £ K and v   £ K   .

*rG)*«(w)-*>*'-•>),

zrit)khM = zritvc{T'b))    fot all t, v, r,

[k (-1), k.i- 1)] = 1.
zz o

Now, some remarks about R.   There is a map p of R onto B given by z (/) H»

x (0, & (v) H» i (zv). p extends to a homomorphism since the images of the genera-

tors satisfy the relations of R.   The group  T = (k (- 1)\ r = a, b) is elementary

abelian of order four and p\T is an isomorphism onto H. ßQ - ß 2fc^' ^ nas

cube 1 since ßa ^a + 2b^' u^ ls centra^ ln R and bilinear in t and a.   The group

S = (zr(t)\ r£2   , t £ K) is therefore a normal Sylow 3-subgroup of R.   Every ele-

ment of R may be written uniquely as  IIrz (/ ) • ß*Qt z = 0, 1, 2, where the terms

in the product are ordered as the roots are in 2   .   It is also clear that R is the

semidirect product of 5 and T because R = (S, T), ST is a subgroup, and S r\ T

is a 3-subgroup of T, hence 1.

By the above remarks, \R\ = \S\ \T\ = \(ß0)\ \ß\, as (/3n)= ker p.   We need to

establish ß0 p 1.   To do this, we shall construct a group isomorphic to R in which

the element corresponding to ß0 is not 1.

First, consider the 3-group D generated by elements z., z , z  , z    subject

to the relations

*J-1,      ¿=1,2,3,4,

[zv z2]-r5,      U., 25]=l,       ¿= 1,2,3,4,

Uj, «J-y-1,       [z2, «3J«y,       [z., y] = l,       z= 1,2, 3,4,

and all other [z., z.] = 1  if not instantly derivable from one of the above.   The
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group D has order < 3    because every element of D can be put in the form

IT _ j ze.' • ye, e ., e = 1, 2, 3.   On the other hand D must have order 36.   The cor-

respondence  Zj t-c xfc(l),  z2  r->x3a + è(l),  ^3  |-xa + fe(l),  z4 r-»x2fl + è(l) extends

to a homomorphism of D onto X = (X^, Xfl + fe, X2a + fe, X3a + &, X       2fc) with kernel

(y) such that z,.  r-*3a + 26(l) ¡^ 1.

The correspondence 2. t—» v., z = 1, 2, 3, 4, extends to a homomorphism of D

onto an extra-special group V of order 35 with kernel (z ) such that y r—» 8 4 1. V

may be given by generators  f j, f2, t> , v4 and relations v. = 1,  [v., v., vA = .1,

r l     J^v v ^ ■ l     '
and Lv.» v .\ = o     ' 7   for all i, j, k where / is the nonsingular symplectic form on

rhe vector space V/V  given by the matrix

0    0        0<

with respect to the basis v .V   of V/v',  i = 1, 2, 3, A.

Next, we consider some automorphisms of D.   Define the maps <f, 17 and p of

D to D by

£     z, t- zxz~  z2lz4z^y-

1

z2 f ► z2,

z, y-* z,z,
3 3   4'

7/:       2,   H»   Z~    , Z2    h-> Z~    ,

Z3r-2-1, Z^ZJ1;

p:    Zj h» Zj, z2 h-» z~  ,

z3 h^ z"1, z4 m z4.

That these maps extend to homomorphisms is readily checked by noting that the

images of the generators z. under these maps satisfy the defining relations on

the z..   To see that they are isomorphisms, note that they all induce isomorphisms

of D/D'.   Any proper kernel therefore must be contained in D   = (z,,y), but

trivial observations exclude this possibility.   Thus, F = (<f, 77, p)< Aut D.

Direct computation shows that £   = 1, 71   = 1, p   = 1,  [77, <f] = [77, p] = 1, and

flfr-f"1.   Hence, F » (Xa, tí) via Ç — *a(l), ,,—¿a(-l), p -^ifc(-l).

We can now establish ß0 4 1.   A homomorphism of R onto the semidirect

product DF may be defined as follows:
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z (i) ^ &       k i- i) >-» 77,

fcfc(- 1)h»«j,

Zbil)  r-*Zlt Z3fl+b(l)^   z2,

*«+fc(l)^Z3',      Z2aJl]^   V

z3«+2fca) ^25' ßo^y-

We have a homomorphism because the images of the generators of R satisfy the

defining relations of R.   Since we know that y / 1, ß0 7^ 1  follows, i.e., the ex-

tension R of B does not collapse.

This section is concerned with the construction of an explicit factor set for

the extension R of B by C.

Every element x of B may be written uniquely as XjX2, with x^ £ U, x2 £ H.

Furthermore,

x, = xait1)xbit2)xa+bitAx2a + bit4)x3a+bitAxia + 2bit6),

x2 =ha^l)hb{v2)-

The  /. and v. ate unique elements of K.

Choose representatives  y = y(x) fot x = x.x    £ B in R as follows:  y = y y

y, es, y2 er,

y, = ^a(íiK(í2)*a+t(í3)22a+6(í4)23«+fc(í5)23«+2*(í6)'

y2 = kaivAkbiv2).

Then the factor set b of this extension is well defined by y(x)y(x ) = y(xx )b(x, x ).

We note that if  h £ H, then  b(x, h) = b(h, x) - 1 fot all x £ U.   Also, b(h, h') =

1 for any h, h   £ H.

For x, x   £ U, we give an expression for b(x, x  ).   Let x = x  (i.)x  (/)••«

in the above notation and let x   = x  (ij)x (f  ) "'•   Then choosing y(x), y(x') by

1 "'ó'í + V2 + V3
the given rule, we get b(x, x  ) = ß '    .   We may use this expression

to compute  b(x, x  )iotanyx,x   £ B as follows.   Write x = x x     x   = x x   with

x., Xj e (J and x , x   e /7.   By the last paragraph,

yix)y(x') = yix {)yix Ayix'AyixA

(x   )-1 -1 1  -1
= y(x1)y(x1')yX2        y(x2)y(x2') = y(x1x'1X2   )è(Xi>Xi'X2    ^^

ix-l -I -I

= yixlxl2   x2x'2)bixv x2   ) = yixx')bixv xx   2   ).
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,x-l
So, b(x, x ) = b(x^, Xj   2   ),  for which we can use the above formula.

The extension R of B by C corresponds to an element of H (B, C) which we

also denote by b.   We show that b is stable under G by showing that the restric-

tions of b to B n Be and B8      n B, for all g £ G, correspond under the homomor-

phisms of cohomology groups

c  : H2(B n B8, C) — H2iBg~    O B, C)

which are induced by the maps

c iaix, y) + B2iB n B8, O)

= a(x8~ ,y8~ ) + B2iB8~    n B, C) £ Z2iB8~    n B, C)/B2iB8~    n B, C)

in the usual cohomology notation (see [3] or [10]).   It suffices to let g range over

a set of (B, B) double coset representatives.

Such a set of representatives is  / = jl, n~  , n~  , n~   , n~   , n~   , n~ \

r £ 1   !, where n = n n,.
". -1

For g = 1,  b(x, x ) = b(x8     ), trivially.

FolS = nälb'n2a + b'n3a + b' "7a +2z,, «~ 2, *~\ «~4, the subgroups  B n B8

and B8      O B do not contain two elements x, x   such that b(x, x  ) 4 1.   Thus,

,-1,-1
¿>(x, x  ) = è(x8     , x 8     ) = 1 for these g.   Hence the restrictions of b represent

the 0-elements of both cohomology groups, and so correspond under the homomor-

phism c .

For g = n~\ B OB8 = B8~ ' O B = (77, Xb, X^b, X2a + fe, X^^, X^^).

/4'2+i5'''o

A direct computation shows that b(x8     , x 8     )= ßQ i.   We must show

In the previous notation, for x, x' £ U n Vs < B n B8, è(x, *')= ß,-4

that this cocycle  b   = c (b\ „ „) is   cohomologous   to   è     =

è| , , This is equivalent to showing that their difference d =

B8     n b,B8     n ß

h"b'~    is the factor set of a split extension.   We see that, for 3-elements x, x',

( /   /'   +r'/   +Z  r' +z'z
zfCx, x ) = ß0 453-'-'in the above notation.

Let 1—> C —» £ —»y—'1  be the restriction to  V = U8      d U of the exten-

tion of B given by z¿.   We claim that the extension splits.

First, note that the representatives y(x) for x £ Y = Z(Y) form a central sub-

group of E. This is immediate from the formula for d. In fact, d(x, x ) = d(x , x) =

1 forx e Y', x'e Y.

Secondly, we see that C ¿E'.   We compute the commutators  [y(x), y(x')].
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yU)y(x') = dix, x')yixx') = dix, x')yix'x[x, x'])

= dix, x')y(x')y(x)fltx', x)~  yi[x, x']).

But the formula for d shows d(x, x') = d(x', x).   So, [y(x), y(x')] = y([x, x']).

Since the y(x), x £ Y , form a subgroup, we have  C O F   = 1 and C ¿ E  .

Thirdly, CE  /E   is a summand of E/E .   This follows from Fitting's theorem

on the abelian 3-group E/E  . E/E   carries a 2-group of operators isomorphic to

H,  C is central, and every element of E/CE   is inverted by some y(h), h £ H.

Thus, È/E'st C©  E/CE'.

These steps imply that E is a split extension.   A normal complement to C is

the kernel of the composite: E —> E/E —>CE  /E  .

Since Y is a Sylow 3-subgroup of Bs      C\ B, and since d restricted to Y is

cohomologous to the split extension, Gaschütz's theorem implies that a'iscohomol-

ogous  to the split extension of  Ö8      Cl B.

A similar argument verifies that the restrictions of b do correspond under

c  „i«     For the remaining values  g = n~   , n~    of /, routine computation shows

"b
that the restrictions correspond under c    (and even c   ).   Thus the cocycle b of B

is stable with respect to G.   The theorem is proven.

The group F.(2). Some notation will be given before the main theorem is

stated.   A root system 2 of type F .  may be given as the following set of vectors

in four-dimensional Euclidean space with orthonormal basis jtfj, cf2, cf3, <f4l.

where i, j, k, I = ±1, ±2, ±3, ±4,   \i\, \j\, \k\, \l\  ate all distinct, «' = -/' and

f,, = - cf. for all «.

Two systems of notation for these roots will be used.   In the first, cf. will be

denoted by i, tf. + <;.  by   if, and %(eff + Ç. + tfk + <fj) by ijkl.   In the second, write

the root tf as a linear combination  2. _ , a .tf. and denote cf by a .a a a   if çf = tf.

or tff + Ç. and by b^b^^b^ if tf = ^(tf¿ + cf. + tffe + rf;) where b( = 2a. and where - 1

is written 1   .   The advantages of each system will become apparent.

The Dynkin diagram for  F    is

O-O   ,. =Q-O

where we take our fundamental roots to be r, = ll'l'l  , r2 = 0001,  r, = 0011 ',

r^ = 011   0.   We order our roots by the convention s > r if the first nonzero coef-

ficient of s - r = 2.    , c.r. ¡s positive,
i = 1   z z       r

F4(2) is generated by elements  xf(t),  r £ 2, t £ K = GF(2).   These elements

satisfy the relations:
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(A) Additivity. xT(t)xr(u) = x (j. + u), r e 1, t, u e K.

(B) Chevalley commutator relations.

[xit),x («)] = n*-    •>•■    t{uj),       t4-S,
r s AA     ir+js     ijrs

i,i

where the product runs over all z, / such that ir + js £ 2, the terms are arranged

lexicographically, and the integers c.     depend on 2 but not on t and u.

The nontrivial relations  [xr(0, xs(u)] fot F (K) over a field K oí characteris-

tic two are listed below

1,       [x .(t), x ., Au)] = x itu)x . .it2u),

x.kitu),       [x .it), X...J = x..klitu),

xiiki{tu)xki{tu2)'   [xijkt{t)' xi,>k'i'{u)] = x£ta)>

1.

Theorem.   The Schur multiplier of F (2) has order two.   The (unique) covering

group may be presented with the generators y (t), r £ 1, t £ K, and relations

y (t)y iu)= y it + u),        r £ 1,    t, u £ K,

i,i

where the indices c..    , etc., are the same as in the formulas (B) for F .(2), and

where a   (t, u) = 1 unless \r, s\ consists of a short and a long root forming an

angle of 135° and t, u 4 0.   For any such r, s, t, u, a   (t, u) = £ 4 1 and {£) is the

center of the covering group.

Lemma.   The Weyl group W of 1 is transitive on roots of the same length.   If

{r, s], ¡r', s ' ! C S, r, r   (resp. s, s ) have the same lengths and the angle between r and

s   equals the angle between r   and s  , then there is a w £ W such that w(r) = r ,

w(s) = s'.

Proof.  The first part restates Lemma 5 of Chevalley [5].   So, we may assume

r = r' and that r = 1000 or 1100 as r has length 1 or \¡2, respectively.   The set 2n

of roots orthogonal to r forms a root system of type B, or C., respectively, and

the stabilizer W„ of r in W acts as the Weyl group of SQ.   Hence  WQ is transitive

on roots of the same length in 2n.   In general, write all s of a given length and

angle to r.   It is then easy to give enough w £ W0 to prove the transitivity of WQ

on these sets.   The lemma is proven.

The lemma enables us to partition the set of pairs \r, s], r, s £ S into families

of W-conjugate pairs denoted by triples ( , , ).   The first two (unordered) entries

[x .(f), x .Au)] =
1 1

[x ..At), x , Au)] =
ZJ 7   k

[x ..(t), X ., .1 ,,(u)] =
11 I 1 kl

[x ...,(t), x.    , Au)] =
z;«Z 11k I
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are (/, /), (s, s) or (/, s) as r and s are both long, both short, or of different lengths,

and the last entry is the angle between r and s.   We list these families:

(/, I, 0°) (s, s, 0°) (/, s, 90°)

(/, /, 180°) (s, s, 180°)       (/, s, 45°)

(/, /, 90°) (s, s, 90°)        (/, s, 135°)

(I, I, 60°) is, s, 60°)

il, I, 120°) is, s, 120°)

Denote by U the subgroup of F (2) = G generated by all x (1) = x , for

r £ 2   .   Then U is a Sylow 2-subgroup of G.

Lemma.   The commutator subgroup Li' of U contains x , r £ 2   , r / 0001,

0010, 0100, ll'l'l', Oll'O, 0011, ll'OO, 0011'.

Proof.   By direct calualation.

Lemma.   // jr, s\ £ (I, I, 60°),.(s, s, 60°), (I, s, 45°), then there is a w £ W

with w(r) = 1000 if r is short, w(r) = 1100 if r is long, and x    .   . £ U .

Proof.  Use the two previous lemmas.

Let G be a covering group of G.   Letting A = Z(G), we have A C G   and

G/A s G.   We may think of G as the quotient group G/A, the elements of G as

cosets, etc., when convenient.   Let V be the preimage of U in G; then  V/A = U.

Select y  (/) £ x (t) for all r £ 2, t £ K, and define

ynStu) - [yf,(i)' y,'*(a)1'

y/'^ = [yW'}'?z;W")]'

y,/fc/ía) - [y¿w' y>,*z(a)1-

These elements are well defined because the commutators depend only on the

coset of each argument modulo A.   They enjoy the property yr(t) w = y      . (?) for

all w £ VI, where  n     £ 72   .   To see this, write  r = s + s   with r, s, s    of the same
' .!> Ill

length.   Then

w w

y,«'* = lysit), y/I)]"» = [yw(s)it), y^ü)] = yw{r)it).

The relations (A) and (B) hold for the  y (/) modulo a factor from A:

yU)2 = a,       [yit), ysiu)] =  ny.r+/s(c..r/«') • ajt, u).

We shall determine the  a  and a   (/, u).   Abbreviate  y   = y (1).
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Lemma,  a     (t, u) = 1 for \r, s\ i (I, s, 135°).

Proof.  If r, s are orthogonal, let 1» be the roots orthogonal to r.   Then, X.=

(xT\ r £ 10)= Sp(6, 2), simple.   So, [(yr>, XQ]= 1 as [<*r>, X„] = 1.   If r, s form a

60° or 45° angle, there is a w £ W with w(r) = 1000 or 1100 and x, ,   . 6 (7'.   Since

xw,. e Z(U), ywir\ e Z2(V), the second center of V.   So,

[y z v y z J e[z7(v), AV'] = 1} w(r)    J w(s) 2

giving ar s(t, k) = 1  in this case.   Finally, ar s U, u) = 1 for ¡r, s! e (/, /, 120°),

(s, s, 120°) by definition of the yf(t).

Corollary,  y   = 1 for all reí, i.e., a  = 1.

Proof.  Write r = s + s   where r, s, s   have the same length and r forms an

angle of 60° with s and s  .   So,

1 = [y2, ys<] = [ys, ys<] s\.ys, ys>]

- [y*< y5'ys+s'][yS' y*,] - [yS' ys>][ys> ys>] = y2>

by the lemma.

Lemma.  For \r, s\, \r', s '\ e (I, s, 135°), a   (t, u)2 = 1 and a s(t, u) = a =

a ,   At, u), for t, u4 0.

Proof.  Using the last lemma, expand the commutator  [x  , x ] = 1  for the first
72

assertion.   The second part follows from y (t) w = y   . At).

By the theorems of R. Steinberg [l5], the abstract group generated by symbols

x (t), reí, t e K, satisfying relations (A) and (B), is isomorphic to E A2).   Our

results so far show that the Schur multiplier of F ,(2) has order 1 or 2, as a = 1

or a 4 1 respectively.   We must show a 4 1.

Let rn = 1100 be the root of maximal height in the ordering we have given for

1.   Let 1Q consist of the roots orthogonal to r , 1Q = 1    Cv SQ, 1 .= 1  \lQ-

Then P = (xf| r e 1+ U 1Q) = CG(xr ) is a parabolic subgroup, 02(P) = (xj r £ 1J,

and S = (xr\ r e1Q)= C (2) = Sp(6, 2).  P = 02(P) ■ S, a semidirect product.

|20| = 18, ISjI-lS.and

S* = jll'00, 0011, 0011', 0001, 0010, ll'll, 11*1*1, 11*11*. ll'l'l'l.

We shall construct a nonsplit extension R of U by C = Z    and show that the

corresponding element of 77 (U, C) is stable with respect to G = F ,(2) in the

sense of Cartan-Eilenberg [3].   This will imply  H (G, C) 4 1  and hence that a/l.
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Let X = 0 (P) and set T = (x | r £ 2Q).   We wish to define an action of T on

Y = X x C.   To do this, we will define certain automorphisms  z  , s £ 2Q, of Y and

show that T is isomorphic to the subgroup Q = (z  \ s £ 2Q) C Aut Y.

The group  Y = X x C = j(x, yl)\ x £ X, i = 0, 1, C = (y)\ may be presented as

the group generated by (xf, 1), r £ 2,, (1, y) satisfying the appropriate relations

among those of (A) and (B), plus (1, y)2 = 1,  [(x^., 1), (1, y)] = 1, all r £ 2j.   Now,

for each s £ 2¿, define zs: Y -♦ Y by (1, y)*"* = (1, y), (xf, l)*s = (xf[xr, xj,

yc(r,s)), where  e(r, s) = I if r, s £ (I, s, 135°),  e(r, s) = 0 otherwise.   The  zs

extend to automorphisms because the images of the generators of Y under z

satisfy the relations defining Y.   For later use, we may write z (t) =   < !*      '    ,».
^ I zs«     z - i

If W. is the stabilizer of r   in W, then VI    acts as the Weyl group of 2   on

2Q.   Arguing as before, W Q is transitive on pairs jr, s\, r, s £ 2 , r/±s with the

same number of long and short roots which make a fixed angle between them.  These

families (listed below in previous notation) meet seven of the nine families of 2.

Since the definition of the action of z   on the (x ,1) is invariant under application
5 + r

of w £ W0 to the indices (provided s, w(s) £ 2Q) it is sufficient to compute  [z  ,

z ,] on each (x , 1) for a representative js, s  1 from each of the seven relevant

families.

A set of representatives s, s   for these families is as follows:

jll'00, 0011'!-e(l, I, 90°)      JOOIO, 0001 ! £ is, s, 90°),

<p = 2¿n (/, 1,60°), lOOlO, 11' 111 £is,s, 60°),

<f> = 2¿.n (/, /, 120°) 10010, ll'l'li £ is, s, 120°),

jll'00, 00101 £ (/, s, 90°),

jOOll', 0010! £(/, s, 45°),

jooii', oooi! eil, s, 135°).

Since the z   leave C = ((1, y)) invariant, we see that the group of automorphisms

induced by Q = (zj s £ 2Q)on Y/C = X is isomorphic to T.   We must show that

this homomorphism of Q onto T is faithful.   T may be presented as the abstract

group generated by the xr, r £ 2Q, subject to the appropriate relations (A) and (B).

It is therefore sufficient to show that these same relations hold among the z .

The relations (A), namely z   = 1, are easily checked.

For each of the seven pairs, the relations (B) may be checked from the table

below, which gives  [(x , 1), z ] in the row r, column s.   The generators  (x   ,1)
r s rn

and (1, y) are omitted since they are central in R.   This establishes Q Si T.

The semidirect product R = YQ  is our desired extension of U by C.  R does

not split over C as C C Z(R) t~\ R1.

We now define an explicit factor set for this extension.   In addition to our
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given ordering < on 1, we use another ordering -< on the roots of 1  , defined by

r -< s whenever r is short, s is long, or else  r < s when r and s have equal lengths.

By an easy argument, every element x e U can be written uniquely as II x (t ),

where r runs over 1    in the order determined by -< , and  t   e K.   A coset represen-

tative y(x) tot x e U = R/C in R is chosen as follows: y(l) = 1, y(x) = II y(x (t )),

where for s short

y(x) =
Axs, l),    s e Sj,

I 2. seSn>

and for r long

((*, 1),        reS,,

W-\,,.u.* r.s;-.

The factor set  ¿>(x, x') of this extension is therefore well defined by y(x)y(x  ) =

y(xx')z3(x, x').

The extension R of U by C corresponds to an element of 77 (77, C) which we

also denote by b.   We show that b is stable under G by showing that the restric-

tions of b to (7 O U8 and U8      O (7, for all g e G, correspond under the homomor-
9 9—1

phisms of cohomology groups  c  : H (U O (78, C) —* 77 (Í78      n (7, C) which are

induced by the maps of cocycles c   (a(x, y)) = a(x8     , y8     ) e Z (778      O (7, C),

for a(x, y) £ Z ((7 O Í78, C), in the usual cohomology notation (see [3] or [lO]).

It suffices to let g range over a set of (Í7, (7)-double coset representatives.   The

subgroup N forms such a set of representatives (77 = 1 in F4(2), so N = W).   Every

element of N is of the form n   , w e W.
w1

By an induction argument, we shall establish stability by proving the stronger

result

ib\ Ub\   e-i for all g eN,

(t)

Íc (b\ )= b\     _i
8     unu8 U8     nu

i.e.,  bix,x') = bix8~\x'8~X) tot all g e N; x, x   e U n (7g.

Given g, we call a pair (x, x  ) for which (t) holds a g-stable pair.

Define supp(x) = ¡r| t   4 0) for x = II x (t ).   Note that  b(x, x  ) = 1 if supp(x)

consists entirely of short roots or if supp(x  ) consists entirely of long roots.

Since these conditions are g-invariant, (x, x  ) is a pair stable under all g e N

with x,x' e U C) U8.

If x = x     • • • x    , x = rf 77, £ = x     • ' • x   , 77 = x • • • x    , then x e U <~) [J8
rl Tk »   I»   » n r¿       2 r.+ i rfe>

implies f, 77 e (7 O (78, and conversely.
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If  |supp(x)| > 1, then write x = cfr/ as above.   Using

b(x, x') = ¿(cfr/, x') = yi¿jr¡x')~lyi¿;r])yix')

( *) = y(r?x')- lyiO~ lb(€, r,x')yiÇ)yir,)biÇ, tj)~ \ix')

= Mr?, x')/3(cf, 77x')Mcf, T,)"1

we obtain b(x, x')= b(x8     , x'8     ) for g £ N such that x, x' £ U ny8 by induc-

tion on   |supp(x)|.   We are thus reduced to proving (t) for x such that |supp(x)| = 1,

i.e., x = xf, r £ 2   .

Our first case is x = x , x   = x^, r, s £ 2 .   If r is short, or s is long, then

(x , x ) is a g-stable pair, for the relevant g £ N, by previous remarks.   So, we

assume r is long, s short.   By

bix , x  ) = y(x x  )~   y(x )y(x  ) = y(x  x [x , x  ])~   y(x )y(x  )
r     s       J     r  s       '     r J     s       '     s  r    r    s }    r J     s

= y([xr, x\)-Xyix)-Xyix)-Xyix)yix) . bixr, [Xf, xj),

if r and s form an angle not 135°, then xf, xs commute and so do y(x ) and y(x  )

which implies  b(x , x ) = 1.   If r and s form an angle of 135°, then  [x , x ] =

Xr + sXr + 2s-    Fof a11 SUCn P*US T> S>   hix r\ y(x sfi = YÍXT+ s)yiXr +2s^ ' ^ ' Y^ =

y(xr   sx    2s) • (1, y) by our rules for choosing y(x) and the fact that r + s  is

short, r + 2s is long.   Now 2>(xr, [xr, xs])=b(xf, xr^s)b(xxr^s, *r+2s)b(xr+s, *r+2s)_1.

The last two terms are 1 since  r + 2s  is long.   The first term  b(x , x       ) = 1 since

[xr, x      ] = 1  by a previous case.   So, for such jr, s\, b(x , x  ) = (1, y).   In all

cases,-therefore, (x , x  ) is a stable pair.

We introduce the order relation « on U.   We say that Xj « x2  if

(i) the least (-<) member of supp(Xj) is >- that of supp(x  ),

(ii) when these are the same, |supp(x.)|<| supp(x )|,

(iii) when both these are the same,   the  least  (-<) root in

(supp(xj) U supp(x2))\(supp(x1) n supp(x2)) belongs to supp(x2).

In general, if x  = pv,

bix, x') = bix, pv) = y(xpf)-   yix)yipv)

(**) = yiv)~ lyixp)~lbixp, v)yix)yip)yiv)bip, u)~

= yiv)~   bix, p)bixp, v)yiv)bip, v)~    = bix, p)bixp, v)bip, v)~  .

We shall prove (t) by «-induction on the second argument x  .   (t) holds if

|supp(x )| = 0, or 1 as shown before.   In our special case of (**) set x = x , x   =

x      • • • x    , t > 1, p. = x    , v == x      • • • x    .By previous remarks we may assume
s i s¡ s i S2 st

r is long, s = s.   is short.   On the right side of (**) (p, v) is stable by «-induction,
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(x, p) is stable as   |supp(p)| = 1.  b(xp, u) is the remaining term.   If r, s form an

angle of 45° or 90° then xp = px.   Now, (*) implies b(xp, v) = b(p, xv)b(p, x) is

stable as (x, v) is by «-induction and the others are, since supp(p) = \s\, s short.

Finally if r and s form an angle of 135°, then xp = pxx      x = (px       ) •

(xxr+2s), grouping by root lengths.   By (*),

bixp, v) = bApxr+sxxr+2s, v) = bAxxr+2s, v)bApxr+s, xxr+2sv)bApxr + s, xxr+2s).

The last two terms are stable as supp(px    5) consists of short roots.   Again (*)

implies  b(xxr+2s, v) = b(xr+2s, v)b(x, xf+2sv)b(x, *f+2s).   Since r + 2s is long,

the last term is stable, and the first two terms are stable by «-induction (n.b. the

■<-minimal member of supp(xr   2sv) is s  , not r+ 2s).   Putting all. this together,

we have expressed b(x, x') as a product of stable terms, so (x, x )is a stable pair.

Our claim (t) is established.   The proof of the theorem is complete.

CHAPTER II. THE STEINBERG VARIATIONS

Let GQ be a Che valley group and G the Steinberg variation (if GQ admits

one) in which the field centralized by the associated field automorphism has q =

p'  elements, p a prime.

Steinberg proved in [16], that if G has type    A    (odd n > 2),    D    (n > 4),

D  , or    E., then the linear representations of the group Y presented by the rela-

tions (A) and (B) (stated below for each type)  cover projective representations

for G over an algebraically closed field of characteristic p.   Thus, if G is the

covering group for G, then there is a homomorphism <p of G onto Y, A = kertp C

Z(G) O G , and A is a finite p-group.   A is the Schur multiplier of Y and also the

p-primary part of the multiplier of G.   The corresponding statements for    A  (q),

n even, were not established in [16].   However, Steinberg has recently proven these

statements for    A   (a), 72 > 4, 22 even.   The case 22 = 2 is handled in this paper.

Our task, then, is to determine the multiplier of Y.   In the case of    A  (q), n

even, we can determine the p-part of M(G) (which turns out to be trivial) merely by

showing that in any central extension G of G by A ^ Z  , the induced extension of

(7 splits, where (7 is a unipotent (Sylow p-) subgroup of G.

Preparation for the proof.  The reader is expected to know the standard

machinery for Chevalley groups, [4], [5], [17], especially the root systems, which

are detailed in [2].

By abusing terminology slightly, we write (7 for the (7   (or (7 ) of [l7]—that

is, the fixed points in the standard unipotent subgroup of the Chevalley group under

the outer automorphism defining G.   Similarly, we write H fot H ,  N fot N , W fot

W  , etc.   We write  ¡Hi   for the associated field automorphism, r 1—> F tot the

associated permutation of roots.   For the trially twisted groups, these maps have
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order 3 and are written  t y-» £ , r l—» r   I—> r~.

If G0 has root system 2, the "twisted" root system for G is denoted    2 (or

32 if G =   D4(a)).   See [17] for details and notation.   If R, S ate roots of  22 or

2), we say they are long, short, orthogonal, etc. as elements of the "twisted"

root system.   If G / *D  (q) or   A  (a), 72 even, a long (short) root of    2 consists

of one (two) roots of 2.   If G =   A   (a), 72 even, a long root consists of three roots,

and a short root of two roots.   If G = -'D  (q) a long root consists of one root, a

short root of three roots.

KQ denotes the ground field of a elements and K the extension field of  a

(or q  ) elements.

Suppose G / 3D4(a),   2An(q),  72 even.   If R = jr!, S = js, s ! £ 22, the corre-

sponding "one parameter elements" are x (t), t £ K„, and x  (u)x_(û~),  u £ K.   We
r u 5 5

define xR(t) - x (/).   However, for S, the one parameter element could be denoted

xAu) or xJu).   One could conceivably make a choice for a fixed S, then extend

to other short roots under conjugation by certain elements of N.   There are prob-

lems with the process, as the section on    F ,(2) illustrates.   But this is unneces-

sary for most of our purposes.   That is, within a calculation involving various

xAu), S short, we fix an arbitrary choice for each S which may be inferred from the

context.   A similar situation holds for short roots in     D  (q), and for short and long

roots in    A   (a), 72 even.

If R is the latter kind of root, x (t)x-(t )x     ~(u) = x-(t )x (t)x     -(u - N -tt  )
'     rv '    r v    '    r + r v   ' r  v    '    rv '    r+r rr        '

is denoted  xR(t, u) or xR(t , u — Nf-tt ).   (The  N      ate certain constants related

to the root system.)

As in [l7,   §2], we may think of    2 as a subset of the lattice in Euclidean

space generated by 2 and W as a subgroup of the Weyl group of 2.   The reflection

w„ corresponding to R is w   if R = jr!, w w- if R = jr, r~\, w w-w= if R = jr, r~,
_K ro r T    r T    r     r

F\, and w    - if R = jr, F, r + F\.   The corresponding element of N is 72_ = n , 72 72-,

72 72-72=, 72    -   respectively (n   = x (- l)x    (l)x (- 1)).   The elements of H corre-
r   r    r'      r+r r r r -r r

spond to self-conjugate characters on the lattice determined by 2.   We write  hR(X)

for hiX), hriX)h-iX), briX)h-iX)h=iX) respectively, where

hiX) = xiX-l)x    i-X)x(X-1)n'1.
r r —r r r

The ambiguity here for \R\ 7= 1 is handled as   for one-parameter elements.

A z/zora7 of caution.   nR permutes the X^ as w    permutes the roots S.  However,

xAt) may be conjugated under 72    to xs ,(it)ot xs,(±t ),depending on our defini-

tion of the one-parameter elements for  \S\ / 1.

Unless R is long in  2A  (q),  n even, the additivity relations of type (A) read.

xR(t)x   (u) = x   (t + u).   The relations of type (B), the analogues of the Chevalley

commutator relations, are stated as we treat each family.   For each family, we

choose representatives yR(t) fot xR(t) in G.   The  yR(t) satisfy (A) and (B) up to
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a factor (usually written d or /) from A.   If G 4 2An(q), n even, we can get G = Y

(equivalently, 77z(D = 1) if we show that the  yR(t) satisfy the relations (A) and

(B).   The exceptions are handled individually, and the slightly different argument

for    A   (q),  72 even, is discussed later.

For convenience, we identify Y with G/A and regard elements of Y as cosets

of A in G. x  £ G denotes an arbitrary element of x £ Y.   Commutators in G and

conjugating elements depend only on their A-coset.   Hence, elements and subgroups

of r operate on G.

We say that a system of representatives y, > y2 ■ • * in G for x  , x    ■ • • in Y

has Property (C) if y" = y.,  n £ N, whenever x" = x.; and Property (I) if y .y . = y,

whenever x.x.= x , and x., x., x    belong to the same one-parameter subgroup.
I      J K 1 J K,

Despite the warning three paragraphs ago, to show that the factor /„ At,u) £ A

in a relation  [yR(t), ys(u)] = • • • of type (B) is identically 1, it is enough to prove

triviality for fR, s,(t, u), when there is a w £ W with w(R) = R   , w(S) = S', once

we know the yRit), y Au), y„,(¡  ), ysAu ) involved satisfy (C).

Lemma 1.  Suppose that a long root R in    1 is written R = S + S'=T+T'

where S, S  , T, T   are short.   Then there is a   w £ W, with w(S) = T, w(S') = T'.

Proof. Since W is transitive on roots of the same length (2.8 of [5]), we may

assume  R = \r\, where r is a root of maximal height in 1.   Let S = \s, s~\, S   =

\s   , s   \,  T = \t, t \,  T  =\t  , t    \.   By renaming the roots within these pairs if

necessary, we have

(*) r = s + s'=J + J=t + t=t+T.

Given a system r ,• • • , r    of fundamental roots for 1, the height of a root

2,.   .z.T. is defined to be   1._.z. (z . integers).   Since the height is additive, all

roots in (*) are positive.

Suppose 1 has type A   ,r-r+.-- + r.   We may assume  S = r   + • • • + r   ,

s   = r      ,+••• + r  , t = r, + • • • + r,,  t   = r     ,+••• + r ,   1 < m < k < n.   Let
771+1 72 1 k /t+1 72'        —

w   be the reflection corresponding to the root  r      , + ••• + r, ,  w    the reflection

corresponding to  r     ,    , + ••• + r ..   Then w = w w   £ W and w(s) = /,
r ° 72_- *+l _72-772+l* \    / » »

w(s')= t', 222(F) = t , w(s')= t '. w(S)= T, w(S')= T' follows.

A similar argument works for 1 of type E. and D  , n > 4.   In fact, for D  ,

note that \S, S'} = ¡T, T'\ always.

Lemma 2.  If 21 has type F 4 or Bn_,, and R = S + S' = T + T ', where all

these roots are long, there is a w £ W with w(S) = T, w(S') = T'.

Proof.  By direct examination, as in previous lemma.

Remark.  The hypothesis is never satisfied for    1 of type C .

We shall repeatedly use the following without comment.

Lemma 3.  Suppose   K., K    are fields and f: K   x K   —> A   is a map into an
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abelian group satisfying (a) (resp. (b)).

(a) f(t +t',u) = f{t, u)f(t', u), all t,t'£Kv  u£ K2,

(b) f(t, u + u') = /(/, u)f(t, u'),allt£ Kv  u, u   £ K2,

then if f(t, u) = f(Xt, u) for some X /= 0, 1 in Kj and for all t £ K^,  u £ K2 (resp.

f(t, u) = /(/, pu),  u /=■ 0, 1 in K2, all t, u), then f is identically 1.

Proof.   1 = f((X - l)t, u), for all t, u.   But  (X - l)t ranges over  Kx as / does,

implying /= 1.  The alternate case is similar.

We call an / satisfying (a) and (b) biadditive.

The 3-dimensional unitary groups 2A   (q).  The result of this section is that

the multiplier of G = SU(3, a) is trivial.   See [10] for the information below about G.

Let G = SU(3, a), a = pn,   K= GF(a2), K„ = GF(a), (r) = Gal(K'/Kn), XT = Xq,

X £ K.   G is the subgroup of SL(3, a ) stabilizing the Hermitian form whose

matrix is

|SU(3, q)\ = q\q^ + l)(a2 - l),    |SL(3, a2)| = q%6 - l)(a4 - 1),

|SL(2, q)\ = qiq2 - l).

The special p-groups  Ö, = Ma, b)\ b + bT + aa' = 0, b, a £ K\, Q2 = \yia, b)\

b + b  + aa   = 0, b, a £ K\ form Sylow p-subgroups of G, where

/l    a        b\ /l 0    0\

xia, b)=lo     1    -aT\,       yia, b) =1 aT        1     0 j.

\0    0        1/ \b     -a    1/

Their normalizers are generated by Q . and the cyclic group H, H = {Mà)| X £ K,

X 7= 0}, where

/A_r    0 0\      MA)-1^, b)hiX) = xiX2T-la, XT+lb),

h{X)\0        V    I)      biX)-Xyia,b)hiX) = yiXT-2a,X-'-h).

The groups  Zj = jx(0, fc)| C^,  Z2 = jy(0, b)\ C Q2 satisfy Z . = g,! = Z(ö;) and

5=(Z1, Z2)SSL(2, a).   5 is normalized by H, \H n 5| = a - 1, |/75| =

a(a   - l)(a + 1).   The subgroup of H oí order a + 1  centralizes   Z    Z , hence S.

To prove  722(G) = 1, we prove 772 (G) = 1  for all primes r dividing \G\.

The index of HS in G is a (a   - a + 1).   It is straightforward to verify that
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!(i)    3a     p 4 3     q = 2     (mod 3)
(ii)      a    p43    q = l    (mod 3)

(iii)      ?    p = 3

Consider a central extension 7/5 of HS by a cyclic group A of prime order r,

r 4 p. S =SL(2, q) is generated by its p-elements, and 7/772(5) [13L   So, the in-

duced extension 5 of 5 splits.   Now, 5 ~ 5Q <HS, where 5Q is the characteristic

subgroup of 5  < 775  generated by the p-elements of 5; 5 = S Qx A.   Since 775/5

is cyclic, A t (HS)'.   Thus, mT(HS) = 1, for all r 4 p.

If r 4 p is a prime, r\ \G : HS\, r\ \HS\, then a Sylow r-subgroup R of G is

cyclic. In fact, for such r, R is a Sylow r-subgroup of SL(3, q ) 3 G, and R is

contained in a cyclic Singer subgroup [lO] of SL(3, q  )■   So, mr(G) = 1 tot such r.

Now assume r is a prime, r\ \HS\, r 4 p.   If (i) holds and r 4 3, or (ii) or (iii)

holds, a Sylow r-subgroup of G is contained in HS.   But 222 (775) = 1 implies m (G) = l.

We next treat separately the more difficult cases (I): r = 3, P 4 2, a = 2

(mod 3); and (II): r = p.   Note that in case (I), Z(G) has order 3.

(I) If T is a Sylow 3-subgroup of HS,   T = T, x T2,  T. S T2 S Z  m,  3m =

(9 + 1)3.   T has index 3 in P, a Sylow 3-subgroup of G, because (i) applies.   So,

|P| = 32m+1,and Z(G)=fi,(T2),  T2 Ç 77,  T, Ç S.

Let x e ^^(T,) where x inverts T..   Then x centralizes T2, and  |x| = 4 if q

is odd, |x| = 2 if a is even.   Since  1 4 Z(G)  C P,  P is nonabelian, by (2).

We now look at the subgroup N = Nr(T), which contains a Sylow 3-subgroup

of G.   The normal subgroup NQ of /V, consisting of elements which induce automor-

phisms of determinant 1 on the vector space  T/<l>(T), has index 2 in N, since

x £ N\NQ.   By the Frattini argument, a Sylow 3-subgroup P of G is normalized by

xl  e x^0'   Repiacing x    by an odd power of x     we may assume x    is a 2-element,

acting with eigenvalues jl, — l! on T/<t>AT). x    also acts on  P/T = Z  .   Since x

permutes an odd number of pairs  ja, a-   ! = Ty U Ty~   ,  y £ P\T, we may assume
* 1 — 1 * 1

y      equals y or y~   .   We assume  y      = y and derive a contradiction.   Set  T =

y, x V2,   Vj = [T, Xj],  V2 = CT(x1);   Vj » V2  are cyclic, generated by v , v ,

respectively.   Since x. and y commute, y normalizes V   and V .   As y3 e T,

abelian, y effects automorphisms of orders 1 or 3 on V. and V?.   So, [V., y] C

íí,(V¿),  « = 1, 2.   If (V2, y) were cyclic, then Z(G) = fi,(V2) is not contained in

P .   By a transfer lemma (2), Z(G) £ G', a contradiction to G having no nontrivial

factor  group.  So, the noncyclic group (V2, y) contains an elementary abelian sub-

group E of order 32.   Since Qj(V,) Ç Z(P), (O^V,), E) is elementary abelian sub-

group E of order 3  . an impossibility in G C SL(3, q  ).   Thus, y     = y"  , and

y3el/r

Let G be an extension of G by (a) = /I ^ Z .  ß denotes the induced extension

of R C G, and g belongs to the coset g £ G = G/A.   To show G splits, it suffices

to show P splits.
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4-1

First, we show A</T'.   If a £ T',  a     = [v t, v   ]. But, modulo A, xl inverts

v., centralizes v2   and so inverts a, contrary to a £ Z(G).   Next, if (£)= Z(G) =

ti,(TA, we show C = 1.   Since (()c p'and T is abelian, C = [z", y], some í £ T.

As G is perfect, £ is central in G.   So, if £a* = [?", y*], bilinearity of the commuta-

tor and y    £ T, abelian, imply  (zfaz)3 = [?*, y 3] = 1 and £3 = 1.   This means T

splits over A:  T = T Qx A, TQ is x j-invariant and  TQ = V 01 x V^»  VQ1 = LTn,

* 1-1 = ^01^'  ^02 = ^T ^*V = ^02^"   Consider the action of (xv y) on T = f/0(T)

(note <I>(T) = <E>(T0)).   Denoting images of T —» T by ~, we have  T = (w0,) x

(z7Q2) x (ci), and the factors are x\-invariant.   Replacing, if necessary, y by a

power of  Ly, x ,1 £ y       we may assume y    = y      ; then y    £ V0,.   If y acts triv-

ially on T, then P splits, i.e., (T Q, y) is a complement to (a.) in P.   If y acts non-

trivially, we get a splitting as above, provided we show a. </ [T,y].   If 5 £ [T, y ],

then a = [¡T^tT7^, y ] = [iv01 ,y ]' [v Q2, y ]7.  Conjugating both sides by x", the effect

of x on the various elements forces  [t702,y]; = 1 .   If z zl 0 (mod 3), then in P,

[V1,y]C<I>(T) = cJ1(T).   Consequently, [ti{ivA, y] = 1 and EQjfr),?]- 1.   Now,

we claim, (y) is a proper subgroup of Vj.   If (y3) = V  ,  [V,,y]=l.   Since y is

non trivial on  T/0(T), this forces  [tz^yjajv*  (mod$(T)),  MO (mod 3).   Hence

[fijiVj), y] = fijiVj) ¡= 1, absurd, as  Qi(V2) = Z(G).   By this claim, we may choose

w £ <t2j) with w3 = y3.   Then (yw-1)3 = 1 since [w, y] £ 0^1^) = Z(G).   So,

(yw~   , iîj(T)) is elementary abelian of order 3  , contradiction.   Therefore, i = 0

(mod 3), implying 5 /. \T,y}.   This proves 722(G) = 1.

(II) Let G be a central extension of G by a p-group A.   Denote by Q the induced

extension of Q, by h(X) a representative in G fot hiX) £ G.   Assume A C Q '.   To

show 772  (G) = 1, we show  MA), for À a generator of Kx, has no eigenvalue 1 on the

Lie algebra   L(Q) associated with Q (unless   G = SU(3, 2) in which case  mAG) = 1

as Q = Qo the quaternion group).   We will then be done by a transfer lemma (2).

L(2) = L1ffiL2, L^Q/Q',       L2=Q',

LiQ) = Lj © L2 © L3,        LjSL,  as MA)-groups,

and these first terms generate  L(Q), L(Q) respectively, as rings.   The eigenvalues

for 1UÍ on L,  are \X{2q-1)a\ a = 1, p, p2,---,  p2n~l\   and   those   on   L.,

are  jA(<?+ 1 )ß\ ß = 1, p, • • •, p"~ l}.

rr  1 1 7*       -u \ (2<7-1 )(a+a')      „,
If 1 were to occur as an eigenvalue on L  , then  l = K T       .We may

assume a   =1.   The exponent must satisfy (a + l)(2q — 1)= 0 (moda   - 1).
7 2 1

Now, (2a - 1, a   - 1) = (2a - 1, a + 1) = 1 or 3.  In the first case, a   - 1 |a + 1

■ p* + 1.    pz < a2 forces  i = 2« - 1  and p2" - 1 = p2"-1 + 1; hence  a = 2, the

case we eliminated right away.   In the second case  a    — 1 | 3(& + 1)= 3(p' + 1), or

p2n-l < 3p{ + 3, P2n-3pi<2, pi(p2n~i-3)<2. If p2"-¿-3< 0, then

l<p2"-¿<3.  So,p2"~/=2  (p2""!'=3  is out since  3 | a + 1 ).   Thus  q2 = 2pi,or
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z = 2»-l. ?2 - 1 |3(p¿+ 1) implies 2p¿ - 1 | 3P¿ + 1 = (2p¿ - 1)+ p¿+ 2, and 2p¿-

1 < p' + 2, or p' < 3.   Hence, p1 = 2 and q = 2, and we are done as before.   If

p2n~i _ 3 > 0and pi = i^ tnen p2"-i_3 = 2  or 2, and   1 ¿ p2""z'= 4 or 5.   But q2 =

p'p2n~i = A or 5 forces a = 2, done.   If p2n~i - 3 > 0 and p¿ / 1, then  p! = 2 and

p2n~' = 4.   But  ?    = plp = 8 is absurd.   Thus the eigenvalue 1 does not occur

on L2.

It 1 were to occur as an eigenvalue on L3, we must have  1 = À   9~      X ,

or  (2a - l)a+ (q + 1)ß = 0 mod(a2 - 1).   We may assume  a= 1.   Then a - 1 <

(2a- l)+(a+ l)p¿ = (2 + p¿)a + (p!'-l), where  ß = p{<q.   So, q(q - p{ - 2) < pl,

which forces  q - p* - 2 < 0,  q < p1 + 2, and a = 2, 3, or 4,  z = 0, 1. a = 2 is out,

and  2q - 1 + (a + l)pz = 0 mod(a   - 1)   cannot be satisfied for  q = 3 or 4.   So, 1

does not occur on L   .

This proves  m (G) = 1, the last step to proving 272(G) = 1.

The unitary groups     A   (q), n > 5, n odd.   1 denotes a root system of type

A   ,  72 > 5,  72 odd, with Dynkin diagram

r, r, r     , r
1 2 72— 1 72

o-o— • • • —o-o

21 has type C       ,, n = 2m + 1, with a set of fundamental roots  5    = \r  , r  !, 5   =
J r         m + l 1            1      72          ¿

\rn,r     ,!,-•■   (short), and  5      , = jr        S  (long).
2         72—1                                             '                       772+1               772+1 °

(i) [xR(í), xs(a)] =1 R, 5 long,

(ii)                            =1 R long, 5 short,

(iii)                              =1 R,  S short,

(iv)                              = x        iitu) R, S  R + S  short,  í = ±1,
(B)

R+S

(vi) = x„   Aetu)x     2Ar¡tuü~) R long, 5 short,  e= ±1, 27 = +!.

(v) = xR   sidtu + tu)) R, S  short,  R+S  long,  £ = ±1,

.R+svtI«7^R+2Sv

TÂe relations (A). Set   V'^/A = XR, all R e 2S.   We claim that   YR  is abelian.

If R is long, we may assume R is a root of maximal height, i.e., R = \r^ + r2 + • • •

r  \.   Then  X„ = [Xc, XT] C (/' where 5 = {r, + r. + • • • + r   , r      , + ••• + T  },
n K j z     — l ¿ m      m+z n

T = \rï + ... + rm+l,rm+l + ... + rJ.   Since XR Ç Z(Í7),   YR Ç Z 2(V) n A V'.

So, YR is abelian.   If R is short, we may assume  R = S (above).   Then XR =

frSl, Xq]» Q = lT2 + '" + Tm>rm + 2 + " " ' + 'tz- 1! and X = XS,XQXR   is a group

of class 2.   So, for  Y/A = X, Y has class 2 or 3, and   7R C A Y' is abelian.   By

Fitting's lemma, YR = C      (77) © [V   , 77], H the Cartan subgroup.

If R is short, or if a > 2 and R is long, 77 is nontrivial on XR.   Define yR(0

as the unique element of xR(0 O [Y   , 77].   If R is long and a = 2, choose short
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roots 5, T with S + T = R.   Define yR(l) = lys(ù>), yT(l)], where we choose some

oj 4 1.   Taking R, 5, T as in the previous paragraph, X^, XT C U   since n > 5.

So, [yr, ys]= [yR, yT] = 1.

Define yR(0) = y„(l)2 = 1.   In (v), we will see that this is independent of œ

(we do not need independence until after (v)).   Then, by Lemma 1, it is independent

of 5 and T.

These representatives satisfy (C) and (I).

The relations (B).  (i) [yR(0, ys(u)] = fit, u).   We may assume that R is a root

of maximal height and that 5 is positive:  5 = \r. + - • • + rn_     .!,  1 < /' < m + 1.

We may assume that / < 222 upon conjugating the equation by 22^    if j = m + 1.

Then, Xs = [XQ, XT] Ç U', where 0 = \rp rn_j+1\, T = {r;.+ , + • • • + rn_ ,+ p

r.+ ... + rn_.!.   So, YRCZ2(V),   Ys C AV', which implies  [YR, Y^] = 1, i.e.,

(ii) [yR(0, y^(a)] = /(Z, a).   We may assume R is a root of maximal height and

5 positive.   S = [r .+ ••• + r,, r     ,    .+••• + r      .   A for k < m 01 k > m + 2;
r 7 *'    n-k+l 72-7+1 — — '

j <m, j < n - k + 1.   It k > m + 2, by applying Wq (which fixes R) to 5, where

Q = {r _l . 1 + • • • + ft!» we may assume k < m.   Applying  bs  iX) to our relation

gives f(t, u) = /(', A~ 'a), X £ K.   Since / is biadditive and  \K\ > 4, /si.

(iii) [yR(0, y^(a)] = /(7, a).   Clearly, / is biadditive.   We may assume  R = 5,.

Then 5 = ¡7, + • • • + r ., rn_y+ ,+■•• + rj, ; ¿ m + 1, n, \t. + • • • + r^, rn_fc+ , +

••• + rn_j+1\, 3 < j< m, k 4 72- j + 1,  72- 1, or - !ry + ••• + rfe, rn_jfe+1 + .••+•

rn-i+ i^ 2 < j < m, k 4 n - j + 1.   We treat only the first possibility for 5.   If

j > 2, conjugation by hs iX) gives f(t, u) = /(/, z\  a).   Biadditivity and  \K\ > A

gives f =1.   If /=2,  222 > 3, conjugation by ¿s (A) gives the same conclusion.

Assume /' = 2, m = 2,  n = 5.   We have  Q + T = 5, Q = |r, + r2 + r   +• r4, r   + r   +

z"4 + '■5!, T = -\r2 + r3> r3 + r4!, and [yQ(a), yT(e)] = ysiu)a, a £ A, by (iv).   Con-

jugating the left side by yR(t), we get lyQ(u)yQ + R(r](ut   + t a)), yT(f)] = työ(a),

yT({)], 1} = ±1, f= ±1, by (v), (ii) and the commutator identities.   So, yR(0 com-

mutes with the right side too, hence with ys(zz); thus, / = 1 here.   The second and

third cases are handled similarly.

(iv) [yR(t), ys(a)] = yR+s((tu)f(t, a).   By (iii), / is biadditive.  We may assume

R = SV   Then, 5 = \r2 + • • • + rfe, rn_fc+ , + • • • + rn_,!, or - [r. + •.. + r^,

r72-ze+ 1 + ' ' * + r„!-   ^e consider the former case, the latter being similar.   As in

(ii), we may assume k < m.   We can get f = 1 if n > 7 upon conjugating    the rela-

tion by hgiX) where 0 = Sk if k > 2, or Q = 5fc+ j if & = 2.   For 72 = 5, conjugation

by hs  iX) gives /(', a) = f(X~1t, X2u).   Conjugation by  h$  (p) gives /(', a) =

/(Z, p-  a), p e Kq.   This implies / = 1 if q > 2.   For q = 2, all we can say for now

is that (/(f, a)| t, u £ K) is a subgroup of a four-group.   The next section treats the case

q = 2.

(v) [yR(0, ys(a)] = yR+s(e(tïï + Tu))f(t, u).   By (ii), / is biadditive.   We may
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assume  R = S v  S = {r, + • • • + rn_ p r2 + • • • + r\ or - {r, + ■ • • + r k, rn_k+l +

— + r  !; we treat the first case only.   Conjugating the relation by  hR(X), f(t, zv) =

f(X2t, XX~l).   Applying hs (A), /(/, u) = f(X~lt, Xu).  So, f(t, u) = f(t, XXu).   By

(ii) and (I), if q > 2, / is biadditive, which gives /si.   Let a = 2,  ß = {r2 + • • •

+ r _2S,  K = ¡0, 1, ta, &)2i.   Since xR(t) Q = xs(t), x$(u) Q = xR(u), we have

f(t, u) = f(u, t).   Depending on how we defined yR + s(l)> either f(oj, 1) or f(oj , 1)

is 1, but the choice need not be specified for this argument.   Using (ii) and the

above,

/(l, 1) = lyRil), ysil)] = [yR(a> + w2), y$il)] = yR+siD2fio, Dfioj2, l)

= yR+,(l)2/(l,   oj2)2 = [yRil),ysico2)2]=l.

Consequently, [yRico), ys(l)l = [y R0 + <")• ys(l)] = tyR(w2), ys(l)]> so f(a>, 1) =

f(a> , 1)= 1 also. This clears up the ambiguity in the choice of yT(l), T long.

So, f=l.

(vi) iyRU), ys(u)] = yR +s(etu)yR + 2S(r]tuü~) f(t, u).   Using previous relations

and the commutator identities, f(t, u) is biadditive.   We may assume S - S.; then

R = jr. + • • • + r       j or - jr   + — + r !. We treat the first case only.   Conjugating

by ¿Sj(A) gives /(/, a)= /(A_1A-1/, A2a).   Using h$  ip), f(t, u) = fippt, p_1zz).

Thus, /(/, a) = /(/, A a), and / = 1 as | K\ > 4.

The exceptional case    A  (2)= PSUg(2). As shown in the previous section,

the only relations which cannot be  lifted to the yR(t) are of type (iv).   Hence, A

is generated by all f(t, u) of this type.   Since any triple JR, S, R + S\ oí this type

is conjugate under the Weyl group (an easy verification), the /(/, u) for a fixed

R, S generate A.   Now, let X be the group generated by XR, X^, X_   s, X      ,

X   ç, X _.  X maps onto the simple group A   (4) which has the Chevalley com-

mutator relations as those holding among the xR(t), xs(u),— (rewriting xR(t) =

xr(t)x-(T)as xR(T)  if necessary) and  Z(X) = (hRiX)h^X-1)) Si Zy   Let   Y/A = X.

By construction, yR(0, ys(a), •• •  £ Y'; hence A C Y'.   Since  M (X) ^ Z   x Z

[8] and /(/, u)   = 1, A is a subgroup of a four-group.

One could prove that A is a four-group by constructing a stable cocycle.

However, in the group M(22) discovered by Fischer [6], the centralizer of a 3-

transposition is a perfect extension of  U,(2) by Z  .   Hence, 2 | \A\.   In the deter-

mination of m2(M(22)) (see [9]), it is seen that 4\ \A\, forcing \A \ = 4 = m A2 A (2)).

An alternative proof is to note that the diagonal outer automorphism d of order 3

on    A  (2) induces a diagonal outer automorphism d on X.   Since the action of d

on cohomology commutes with the restriction map and d acts fixed-point-freely on

M2(X), a" acts fixed point freely on the image of the restriction A = H2(2A  (2), Cx)

—>H (X, C  ).    The  last paragraph  implies that the restriction is  injective.
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So, |A I = 4 as 2 < |A I < 4 and d  cannot be fixed point free on a group of order 2.

The unitary groups    A  (a), n even, 72 > 4.  2 denotes a root system of type

A   , 72 = 2772, with Dynkin diagram

r, r, r     , r
2 rz-1 n

O

2 is a root system of type   C     having as a set of fundamental roots  S. = jr  ,

r  !,• • • S      , =\r      ,, r      A  (short) and S    = jr   , r      ,,r    +r !  (long).   The
n m-l m-l      m + 2     s m m     m+í      m        m+l &

"one-parameter subgroups"  XR  are abelian of order  a    if R is short,  nonabelian

of class two of order a   if R is long.

We let r Oí SU(rz + 1, a);  T/Z(T) ^ G. T is generated by elements xR(t),

xR(u, v) satisfying the relations below.   We let G be a perfect extension of V by

M  (r) and lift these generators and relations to G.

xRit)xRiu) = xRit + u) R  short,  t, u £ K,

(A) — —
XR = \xRit, u)\ t, u £ K, u + u = ttt !       R  long, R = jr, r,   r + r}

[xR(t, u), xRiv, w)] = xRiO, eitv - tv)),

xRit, u) xR iv,   w) = XRit + V, u + w - (tv).

( = N - = ±1,
rr

(i) [xRit), xsiu)] = 1 R, S  short,

(ii) = xR  sietu) R, S, R + S short,

e-±l,

(iii) = xR  5(0, eitu - tu)) R, S short,

R + S long,

(B) e-±l,

(iv)     [xR(/, u), xsiv, w)] = x y2 (R+S)ietv) R, S long,

Vi(R + S) short,

e-±l.

(v) [xR(/, a), xsiv)\ = 1 R  long, S short,

(vi) = xR+s(<rz7Iv)xR+2C(r7/îv, 8uvv)   R, R + 2S long,

5, R + S short,

f-±l,   i?-.±l,

S = ±l.

T/ize relations (A).   Let   y„/A = XR.   For R short, we claim   Y     is abelian.

We may assume  R = j^ + • ■ ■ + r^+ ,, r^ + • • • + rj.   Then  [XQ, X^] = XR by
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(iv), where Q = {t. + • • • + rm, rm+ . + . .. + rn, r, + • . . + rj, S = Sm. Since ele-

ments of YR commute with Y„, Ys modulo A, YR commutes with [YQ, Y A; hence

YR is abelian. Since hR(X) acts nontrivially on XR, it also does on YR. So, we

define yR(t) as the unique element of xR(t) n [YR, 77].

Regarding the choice of yR(t) for R long, we know that (XR, X_R) is isomorphic to

SU(3, a).   By our earlier results, Mp(SU(3, q))=l.  For q > 2, SU(3, a) is perfect; hence

(YR, Y_R) = A x (yR, y_R)', and (YR, Y_r)'^ (XR, X_R).   For q = 2,

SU(3, 2)/03(SU(3, 2)) = Q8, the quaternion group.   So, for  Y = (YR, Y_r),   Y/y'

is an abelian group of order 4|A|.   Assume  R = S m.   Taking S = S   _,, we have

[XR, 77S(A)]= XR for(A) = Kx.   Then by Fitting's lemma, Y/Y' = [Y/Y', H] x

Ä (Ä = AY'/Y').   Thus, for all q,   Y = Y Q x A and YQ is 77-invariant.   Define

yR(t, u) as the unique element of xR(r, u) n Y0.

These yR(0 and yR(Z, a) satisfy (C) and (I).

The relations (B).  (i) [yR(0, ys(a)] = /(z, a).   This occurs for 72 > 6 only.

We may assume  R = S,.   Then S = \r ,+••• + r., r ,+••• + r  \, 2 < j 4 m,' 1 1 J*     72 — 7+1 B ' '

or  ±[r. + •• • + r., r      .    . + • • • + r      .   A, 2 < j < n - k + 1,  k 4 m.   Suppose the

first case holds.   Conjugating the relation by h,,      (A) gives /(', u) = f(t, X~  u).•*;'+ 1

Since / is biadditive and  |/X| > 4, / = 1 follows.   The other cases are handled

similarly.

(ii)  [yR(0, ys(u)] = yR    A(tu)f(t, a).   This occurs for 22 > 6 only.   We may

assume  R = 5, ; then  5 = \r. + ••• + r,, r     .    , + ••• + r      A, m 4 k 4 n, 01
1 2 Ä        72— « + 1 71—1

- [r, + • • • + r., r      .   , + ••• + r 1, 7 ¡¿ 222.   We treat the first case only.   If k = 2,
1 7'      72 — 7+ 1 72   '    ' '

conjugating the relation by hs (A) gives f(t, u) = f(t, X~ a). If k = 2, conjugating

by hs (A) gives f(t, u) = f(t, A-1a).   By (i), /is biadditive and so / = 1 as |7<|>4.

(v) VyR(t, a), ys(v)] - f(t, u; v).   We may assume R is a root of maximal

height \r1 + ... + rm,rm + 1 + -.. + rn,r1 + -.. + r\.   Then 5 = {r. + • •. + r k,

'„-k+l + --- + rn-j+ll> /<»-*+ 1, *<«.« -{'•,+ ••• +Vf»-*+l + -"
+ r      .   A, k < m, j > 1,  j < n - k + 1.   We treat the first case only.   If  k > 1,

conjugating by  h$  (A) gives /(/, a; v) = /(/, a; A v).   Since / is additive in v,

f = 1 as \K\ > A.   If j = k = 1, a similar argument works with  6,.  (A) if 222 > 3.

Assume |=>4 = 1,  722 = 2.   For a fixed u, / is a homomorphism of (yR(t, a)| all

t, u) into A, abelian.   So, / depends on t only, and is additive in t.   Write

/(/, a; iz) = g(t, v).   Conjugating the relation by h$ (A), hs  Ap), we get g(i, f) =

g(A/, A222), = gApp~lt, p_1y).   Taking p = A2, g(z, v) = g(A3A~2Z, v).   For all 0,

there is a A e K with A3A~2 4 1, which gives g = 1  with biadditivity.

(iv)  [yR(t, u), ys(v, w)]   = yyAR+s)((tu)f(t, a;  v, w).    We may take   R =

iri  + • ' * + r77Z> r77z+ 1 + • * * + r7Z> rl + • • • + 'J'    Then' S = - !r; + * * * + [n» Tm+ 1 +

... + r      .   ,, r.+ ••• + r      .   .!,  1 < /'.   Using (v), / is a bimultiplicative map
72 — ; +1'7 n — i+2 ' °
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YR x Ys —» A.   So, [YR , Yg] s 1 = [YR , Yj], and / is a function g(r, f) of f, rz

only, and g is biadditive.   If / < m, conjugation by hs (A) gives g(t, u) = g(t, Aa);

as   |/v| > 4,  g = 1.   If j = 722, conjugation by  ¿c        (A) gives the same result if
°m~ I

772 > 2.   Assume  722 = 2,  7 = 2.   Conjugation by  ¿5  (A) gives g(z, u) - g(Xt, X~  u),

and, by *s (A), g(t, u) = g(XX~lt, X2 X~ lu).   So g(f, u) = g(A3 X~2t, a).   Since

there is a A £ K with A3 A-2 / 1, g = 1   by biadditivity.

(vi) [yR('. "), ys(vj\ = yR + c(f"t')yR + 2s(rz/t'' Suvv)f(t, u; v).   We may assume

R = jr. + • • • + r   ,r      .+•••+ r , r, +••• + r }.   Then S = - jr, + • • • + r.,
1 m     m+l n '     1 n 1 ;'

r _ .   j + • • • +r  !, 7 < 772.   We must take into account /R   5 5 of type (iii) which is

not yet proven to be trivial.   Expanding  [yR(z", tt), yAv, + vA] and

[yR(li + t2> "1 + "2 ~ ^iV'  yS^ = ^R^l' Ml^R^2' "27' ys^

using the commutator identities and previous relations, we get

(a) f(t, u; 12j + v2)= f(t, u; v2)f(t, u; w,)/R + s>s(etvv v2),

(b) /(/j + t2, ul + u2- yt jZ2; 72) = /(/j, tijj v)f(t2, u2; v).

From (b) we see that / is a homomorphism in the first argument, hence f(t, u; v) =

g(t, v), a function independent of u, additive in /.   Conjugating by  hR(X), hs(p)

gives g(t, v) = g(A  A~  /, A-  u), = g(p~  t, p v), respectively.   Taking A = p ,

g(t, u) = g(p p~  t, u).   There is a p £ K with p p~    / 1, so additivity in the first

argument implies g = 1.   So, / s 1  in (vi).   Since /, v j, 122 vary independently

over K, (a) gives  fRSS = l   in type (iii).

(iii) [yR(0, ys(u)] = yR + s(0, i(ia" - r«))/a, a), / = 1.

This finishes the calculations.   In the extension G,  V - V Qx A, where  V 0 =

(yR(t), ys(u, v)\ R, S £ 2   , 7, a, 12 £ K) is isomorphic to (7, the Sylow p-subgroup

of G, via yR( ) r-»xR( ).   Since V splits over A, G does by Gaschütz's theorem.

Hence 222  (G) = 1.

The unitary groups  2A  (a).  2 has type A    with Dynkin diagram
3^'       "      ^^       3

r

and    2 has type C    with fundamental roots 5   « jr  , r A and S   m \r A.   A set of

positive roots is  S., S  , S   + S     2S   + S .   We carry over notation, etc. from the

case    A   (a), 72 > 5.   The relations of type (B) which occur here are (i), (ii), (v),

(vi) only.   We deal with a > 2  only, because   2A^ « U4(2)stPSp(4, 3) S ß-,(3)

[10], 7723,(ß2(3))= 1, r222,(2A3(2))=l and |Z(Sp(4, 3))| = 2 implies 7222(2A?(2)) = 2.

The relations (A). For   YR/A = XR, YR  is abelian for R long and the  yR(t)
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are chosen as before.   Suppose  R = S., short and  YR nonabelian.   As

xR(0 = xR(X  t), the eigenvalues for  7>R(A)  ((A) = KA) on the vector space

Y „/A YR, ate X p   , k = 0, 1, • • • , 2« — 1.   Looking at the Lie algebra associated

with the p-group YR, YR is elementary abelian with eigenvalues among A p A  p   =

X2{p *p \   Since  YR Ç A, central, 2p'' + 2p7' = 0 (mod?2 - 1).   We may assume

i = 0 upon multiplying this equation by p~l.   So, q   - 1 = p " - 1 divides 2(1 + p;).

If a2 - 1< 2(1 + p>),  3>p2n- p' = Pln~i(pi - 1).   If p' = 1,  a2 - 1< 2 • 2 forces

q = 2, the case we excluded.   If p7 > 1, then p ""' = 2 = p1, so a = 2 again.

Thus, ?   - 1 = 2(1 + p7) and 3 = pAp "~J - 2).   Easily, the only possibility is

a = 3.   So, for q 4 3,   YR  is abelian and the y „(Z) are chosen as before.

7>   (A) ,
Now take a = 3.   Since xR(t) = xR(A /), h AX) inverts the cyclic group

(xR(t)), where A   =- 1.   Choose yR(t) as the unique element of x At) O [Y   (/),

¿R(A)], where   YR(Z)/A = (xR(t))„   These choices satisfy yR(mt) = yR(7)m,  m an

integer.   Define the factor set dR by yR(OyR(a) = yR(Z + u)d At, a).

These representatives yR(t) satisfy (C) and, if q > 3 or R long, (I) as well.

The relations (B).  (i) [y At), ys(u)] = f(t, a).   Assume  R = 5  , 5 = 25   + 5 .

Conjugating by h$ (A), /(Z, u) = f(X~lX~lt, XXu), X £ K, and by h$ (p), /(Z, a)=

fip t, u), p £ KQ„   If a > 3, biadditivity implies / = 1.   The case a = 3 is handled

in (v).

(ii) iyR(t), ys(u)] - f(t, u).   We may take R = 2Sx + S2, S = 5   + 5 .   Conju-

gating by ¿^ (A), f(t, u) = /(z, Aa), A £ K .   Biadditivity and q > 2 imply / = 1.

(iv) [yR(7). ys(u)] = yR+s(f ('" + Z a))/(z, a).   Using (ii), / is biadditive.

Assume R = 5j, 5 = 5j + S .   Conjugating by hs  (A), /(z, a) = /(A t, A A-  a), and

applying hs^p), f(t, u) = f(p~1t,pu),  p e K*.   Taking A = p, f(t, u) = f(p2t, a).

If a > 3, /= 1  follows.   If a = 3, f(t, a) =/(A2Z, A"2a), for A e Kx, is the best

we can do.

(v) [yR(z), ys(a)] = yR   s(etu)yR + 2S(r¡tuü)f(t,u).   Assume  R = 52, 5 = 5v

We must take into account g(v, w) = fR   s s(v, w) of type (iv) and h(v, w) -

Ir + 2S,r(v> w"> of tvPe A*)'   Expanding  [yR(z, + t2), y$(u)] and bR(t), ys(a, + a2)]

as usual, we get

(a) f(t, a, + a2)=/(z, aJ/(Z, a2)g(eZa1( "2)a'R + 5(iZa^ <fZa2),

(b) /(Z, + Z2, a) = /(Zj, a)/(Z2, a)K-7Zjaz7, t2)dR + s(eZ,a, £Z2a).

Conjugating the relation by ¿R   2S(p) gives /(z, a) = f(t, pu), p e Kx.   If a > 3, /

is biadditive; taking p4 1 gives /= 1.

Now let ? = 3.   Recall that dR   Av, ±v)= 1.   Taking a   = ±a    in (a), we get

(c) f(t,-u) = f(t, u)2g((tu, a),

(d) 1 = f(t, u)f(t, - a)g(xTZa, - u).
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Thus, /(/, a)3 = 1.   Since f(t, u) = /(/, - a), f(t, a)"1 = g((tu, u).   Taking fj = «2

in (b), we get

(e) /(- t, u) = f(t, a)2/R + 2SiS(77/az7, t).

Hence, 1 = /(- t, u)~ fit, uffR + 2S ¡iqtuü, l) = g(- (tu, u)g(etu, u) •

fR + 2S,s(r1tu"> 0" fR + 2S,S^tu"' ()> (?ivinr? triviality in type (i).   Since  /(/, u) £

(g(v, w)\ v, w £ K)= B ÇA, fot all t, u, (a) or (b) gives dR   s(t, u) £ B tot all

t, u.   Hence the g(v, w) generate B = A.

Going back to (iv), set  YT = (yT(t)\ t £ K) for T = R, S  (the short roots in

that case).   Since g is a biadditive map (YR/YR) x (YR/YR) —> A, A has at most

four generators and A has exponent 3.   We can bound  \A\ further as follows.   The

function g satisfies g(r, a) = g(A t, X~   a), A £ Kx.   All these relations are a con-

sequence of the relations in which A is a fixed primitive eighth root of unity in

K   , as simple calculations verify.   Since the relation is biadditive, it suffices to

require it for /, a taking values on a basis E lot K over the prime field.   If we

take F = ¡1, A  !, then we get the relations

(1) g(i, l) = g(A2,A-2),        (3)  g(A2,l) = g(A4,A-2),

(2) g(l,A2) = g(A2, 1), (4)   g(A2,A2) = g(A\l).

But (1) and (4) are equivalent, as are (2) and (3).   Hence, we have only two inde-

pendent relations.   Thus, A has at most  4-2=2  generators.   So, \A\ < 9.

At this point, we quote the results of [ll], in which Lindsey constructs pro-

jective representations of  U A3), which imply that a perfect extension of  U"4(3) by

Z   x Z    exists.   We conclude 722 ( A A3)) = \A\ = 9.   Note that the preimage in G

of X„, R short, is the direct product of a cyclic group of order 3 with a nonabelian

group of order 27, exponent 3.

These arguments determine  MA A3(a))for all a.

The second orthogonal groups   2D  (a), 72 > 4.  2 denotes a root system of

type  D    with Dynkin diagram

Tn-l

O-O—
r, r.

2 is a root system of type  B     ,. S, = jr, },•••, S     , = jr       ! is a set of long
3 Jr n—l        I I 73 — 2 n — 2

roots   S        = jr       , r  ! a short root, all forming a set of fundamental roots for   2
'     n—l rz— 1      n

2,
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(i)   [xR(z), xsAu)] = 1 R, 5  long,

(ii) =xR+s(eZa) R, 5, R + 5 long, e = ±1,

(B) (iii) = xR+siíitü~ + tu)) R, S  short,  R + 5  long,

(iv) =1 R  long, 5 short,

(v) = xR     ietulxR +2sir]ttu)    R  long, 5 short,

R+5 short,  R + 25 long,

f-±l,     ?-±l.

The relations (A).  If R is long, by transitivity of the Weyl group on roots of

1 of the same length, we may assume  R = |r, + r2\.   By (ii), XR = [XR   , XR   ],

and by (i) [XR, XR  ] = [XR, XR  ] = 1.   So, if we let   Y/A = (XR  , XR ), then the

class of Y is 2 or 3.   Setting   YR/A = XR, we get  [YR, Yr] Ç [A Y', A Y'] = 1,

i.e., YR  is abelian.   If q > 2, then it is easily verified that 77 acts nontrivially

on XR, and on   YR.   We define yR(t) as the unique element of xR(z) O \.YR, 77]

(use Fitting's lemma).   In the case  a= 2, define yR(l)= [xR  (1), xR  (1)].   In

fact, we have yR(l)= [ys(l), yT(l)] for any pair 5, T of long roots with 5 + T= R

because the Weyl group of    1 is transitive on such pairs, by Lemma 2.   These

representatives satisfy (C) and, if q > 2, (I) also.   Since the angle between R, 5

and R, T must be 60°, we will have (I) for q - 2 if we define yR(0) = 1, once we

prove  / = 1   in (i).

For short roots R, we put off specifying yRit) e xR(t).   Choose an arbitrary

y*R(t) e xR(z), all short R, t e K.

The relations (B). (i) [yR(t), ys(u)] = f(t, u) is biadditive.   We may assume

R = 5, then 5 = \r. + • • • !, - \r. + • ■ • !, z > 3, Wl + r2 + ••• \,-\r2 + ••• \, or

- [r, + 2r2 + •••!.   In the first, second, and fifth case, R and 5 are orthogonal.

In the third and fourth cases, R and 5 form a 60° angle.

We treat the third case, the fourth being similar.   Conjugating our relation by

a succession of 72.-,, where  Wq leaves R invariant, we may assume S m fr, + rA.

Choose v £ K with v + v = t.   Then yR(t) • a = [y^f), yT(v)] (type (iii)), where

a€A,  Q = \r1 + ... + rn_2 + rn_vrl + ... + rn_2 + rn\,  T = - \r2 + • • • + r n_ 2 +

'•„_,, r2 + ••• + rn_2 + rj.   Since  [Ys, Yq], [Y$j Yt]CA, (type (iv)) ys(u) com-

mutes with  [Yq, Y j], hence with yR(z).   So, f =1  here, and (I) holds for the

yR(t), R long, as promised.

Proving f(t, u) = 1 when R and 5 are orthogonal is deferred to part (v).

(ii) [yR(z), ys(a)] = yR+s(fZa)/(z, a).   We may assume  R + 5 = [r, + 2r2 + • • •

+ 2r     , + r     ,+r!,a root of maximal height.   Then R = \r, + • • • + r.\, 5 =72- 2 72- 1 72 & 1 ;



394 R. L. GRIESS, JR.

jr„ + • • • + r. + 2r.   ,+••• + 2r     , + r     , + r !, 2 < / < 72 - 2, by switching R
2 ; 1 + > n—2        n— l        n — ' — J °

and 5 if necessary.   If 7 > 2, conjugation by hs  (A) gives f(t, u) = f(t, Aa).   Since

R, R + S and 5, R + 5 form 60° angles, the discussion in (i) implies / is biadditive.

If a > 2, / = 1  follows.   If 7=2, conjugating by hs  (A) gives f(t, a) = f(Xt, u)

and / = 1 if a > 2.   If a = 2, / = 1  by definition.

(iv) [yR(t), ys(u)] = f(t, a).   We may assume  R = \ry + 2r2 + • • • + 2rn_2 +

r      , + r  ¡, a root of maximal height.   Then S m {r . + ••• + r     -, + r      ,, r, 4- • • • +
n— l n » z n— 2 n— l'    z

rn-2 + r7z!'-ir,-+"- + r„-2 + ''„-l'r; + "- + r„-2 + ''„!'   7'l^Or   ±Sn_j.    Say

S r¿ ±S„   ,.   Then conjugation by ¿c       (A) gives /(í, a) = /(z1, A A-  a).   Since K
"~ *_ ^72 — 1

has a A ¡¿ A, / = 1  by biadditivity.   The same procedure for S - ±S     . gives

/(/, a) = /(¿,A±2a), hence / = 1 as \K\ > 4.

(iii) [yR(0, ys(a )] = yR   s(e(tu~ + t u))f(t, a).   We may assume  R = S     ,;

then 5 = ±{r, + •••+- r     , + r     ,, r.+-••• + r     .. + r  !, i < n - 2.   We assume 5
1 ÍZ-2 72-1'      Z »7-2 7Z —

positive, the negative case being similar.   Using previous relations and the com-

mutator identities, f(t, u) is biadditive.   Conjugating by ¿R(A), we get f(t, u) =

/(A t, XX~  a).   If z < 72 - 2, conjugation by h„ ip) gives f(t, a) = f(t, pu); if
Ki

i - 72 - 2, conjugation by ¿p       (p) gives f(t, a) = /(/, p~  a), p £ Kn.   If a > 2,
7Z-3 _ u

choose p / 1 to get /si.   If a = 2, A-    = A, so /(/, a) = /(A ', A  a), all X £ K.

We defer the case a = 2 until case (v).   Note however that /(/, a) = /(a, í ) follows

from conjugating the arguments by  720,  Q = jr. + • • • + r  _2!.   This depends, of

course, on choosing a notation for xp(t) - x        (t)x    (t ) and xc(a) in such a way
„ K. Tn— 1 r72 •*

that xR(z) w = xs(t) (see Preparation for the Proof).

(v) [yR(0, y^(a)] = yR+s(eZa)yR + 2S(77/az7)/R(5(i, a).

We may assume  R = Sj, S = \r2 + • • • + r n_2 + r n_ l,T2 + '" + r„_2 + r„¡' or

S = - jr, + • • • + r     , + r     ., f .+•••+ r     , + r  j.   We treat only the case S
1 7Z- 2 7Z- I'       1 7Z-2 7Z '

positive.   Recall that for a = 2, certain /Q T(f j. ^2) are not yet proven to be

trivial (types (i), (iii)).   Expanding the right side of  tyR(', + ¿2), y$(")] ~

[yR(z',)yR(/2), ys(u)] by the commutator identity, we get

yR+sWz1 + i2)a)/RiS(z1+z2, a)

= yRJtt, u)yR+si«2u)fR/tl, u)fRS(tv a)/R+2SR(77i,azJ, tj.

Similarly, expanding [yR(0, y^a, + «2)J gives

yR+si(tiui + u2'^Ir S^' Ul + U2I

= y*R+S{aU2)y*R+S{€tUl)fR,S{t'  U2'ÎR.S(t' Ul'fR+S,S{etu2' Ul''
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Take  0 4 a. 4 u   4 0 in 7C.   Reversing a   and a    in (b) gives

yR+sA<tu2)yR+si(tu1)fRsit, u2)fRsit, ul)fR+s/etu2, a,)

= yR+S{etUl)yR+S{etU2)fR,S{t-  Ul]fR,S{t> U2)fR+S,S{(tUV U2]'

Take Z = e.   Since the /'s are central and fR   s s("2> ul^ = IR   S S^ui' u2^ ^see

remark at the end of (iii)), cancellation shows that yR   Au,) and yR   s(u.) com-

mute, i.e., yR+5 is abelian.   So, as usual, we can define yQ(t) as the unique

element of xQ(Z) n [Y   , 77], for Q short.   These y git) satisfy (C) and (I).

Replacing the yR   s( ) by the yR   si ) in (a) and (b) gives

(c) fRiS(tl + t2, ") = /R>s(ZI, u)fRS(t2, u)fR + 2StR(r1tluü, t2),

(d) fR/t, «r + *2)-/*,,<*, "2)/R>5(í. "i)/R + S,5(f/"2> V-

Conjugating by  ^R + 2s(A) gives /R ^.(Z, a) = /R s(t, Xu), X & KQ.   Now for q > 2,

7R+2S.R s1>  /r + S.S s 1>and Ír,S is biadditive; so /RS ■ 1.

Now, let q = 2.   Then f = rj = 1,  Z = 0 or 1.   Conjugating the original relation

by hsiX) shows fR s(l, t) = fR s(l, a), all Z, a e Kx.   Choosing  0 ¡¿ a, 4 u2 4 0

from K, (d) gives /R s(l, a) = /R + s s(a2> a,), all  a e 7<x .   Since fR + s s is bi-

additive, fR s(l, a)2 = 1.   Taking Z, = Z2 = a = 1 in (c), we get fR + 2S R(l, 1) = 1.

Thus / = 1  in type (i).   Now, conjugating the original relation by ys       (v), we get

hR(t)i ysAu)ys       +sAuv + üv)]

= yR+s^tu)ys   ,+R+s^tuU + tu~v)fR+s,s   /'"< ^yR+2s^""VR;5(/' «)•
72— 1 72— 1

Expanding the left side, we get  yR+s s(tuv + ZaV) [yR(z), y Au)], using pre-

vious information.   Comparison yields  fR   s S       ^tu' v) = ^> a1^  t e K , u, v e K.

Hence / = 1  in type (iii).   In particular, fR   s s = 1.   Using (b), fR s(l, u) =

fR s(l, u) ,  u 4 0, therefore, fR$ = l.

This completes the proof that rn AY) = 1.

The groups    D  (q).   1 denotes a root system of type  D    with Dynkin diagram

1 is a root system of type   G2  with a set of fundamental roots  5.   = !r,, r3, r.\

(short), 52 = ir2!   (long).
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3S1+2S2

■5Sl-S

The set of positive roots     2

irv ry r4 2Sl + S2 = \r2+r5 + rá, r, + r., + r^ r1+r2 + r3i,

2       '2

5j + 52 = jrj + r2, r2 + r3, r2 + r4 !,  3Sj + 25

35j +S2 = jrj + r2 + r3 + r4

Irj + 2r2 + r, + r,'

In our notation for xs(t) = x^(/)^j(i )x=(/ ), S short, s will be the first root in

S = \s, s , s ! as listed above.   Then xAt)

(i)     [xR(t), xs(u)] = 1

x   (RX±t).
w{R )

R, S  long at a 60° angle,

(B)

(ii)

(iii)

(iv)

(v)

= 1 R, long, S short at a 30°

or 90° angle,

- xR   AAtu + tû~ + t û~))    R, S short,  R + S long,

R, S at a 60° angle, e = ±l,

xR+sietu) R, S, R +S  long,

R, S at a 120° angle, e = ±l,

= xR   Aeitu + tu))x2R  sirjittu +t t u+ ttu))

' xR   2S u  + ' u u + tuu

(vi)

R, S  short at a 120° angle,

6 = 11,    77 = ±1,    8 = ±1,

= %R     i(tu)x2R   sir)ttu)x,R   A8tttu)x^R   2Si2ytttu )

R  short, S  long at a  150° angle,

f = ±1, 77= ±1, 8= ±1, y = ±1.
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The relations (A).  Let  V/A = U and YRlA = XR.   If R is long, assume  R =

3Sj + 2S2, then XR = Z(U).   Hence   YR C Z2(V) and [YR, YR] C [VR, AV ̂  = 1;

so   Y„  is abelian.   The same argument shows  ÍY   , Y A = 1, where 5 is a short

root adjacent to R.   If S (short) and R (long) are orthogonal, then l(XR> A'_R),

(Xs, X_s)] = 1  by (ii).   But since (X^, X_^)= SL(2, a3), it is perfect.   Thus,

[(Yr, Y   R), (Ys, Y   s)]= 1.   Choose temporary representatives yQ(t) £ x   (t),

Q £ 32.   By (v),

[y*Qit), y*Tiu)] = y*Q + Tiv)ylQ + Tiv')y*Q+2Tiv")a,       a £ A.

The above implies that yQ   T(v  ) commutes with Y  „   T, Y„   2T.   Conjugating

the left side by yg + T(v'"), we get  hQ(t)y2Q+T(t'), yT(u)yQ+2T(u')] which

equals  lygU), y^(a)] by the commutator identities and above remarks.   Hence,

Y O   T^v  ) commutes with the right-hand side, i.e., Y„  is abelian for S short.

If R is short, or q > 2 and R is long, the Cartan subgroup acts nontrivially

on  YR.   Define y   (t) as the unique element of x   (t) H [y      //].   These repre-

sentatives satisfy (C) and (I).   If R is long and a = 2, choose y^M e x^i), all

long S, and define yR(0) = 1 and yR(l) = Xy s(l), y"   (1)], where S, T are long roots

with sum R.   The only ambiguity is the order in which S, T occur.   By above re-

marks, 72 q £ 72„ £   X„, X        commutes with YR, where Q is a short root orthogonal

to R; so yR(l) = yR(l)   ^ = [yT(l), ys(l)\, proving yR(l) is well defined.   This

argument also shows yR(0) = yR(l)   = 1.   Hence, all these representatives satisfy

(C) and (I).

The relations (B). We have already demonstrated that (i) and (ii) hold for

the  yR(t).

(iii) [yR(0, ys(u)] = yR + s(((tu + t ü + Tu))f(t, a).

By (i)> / is biadditive.   Conjugating by h0(X), where Q is a long root orthog-
i 1

onal to S, we calculate /(/, a) = /(A    /, a).   If q > 2, this gives / = 1.   The case

a = 2 is treated in (vi).

(iv) [yR(0, ys(u)] = yR+s((tu)f(t, a).

By (i), / is biadditive.   Conjugating by hgiX), where Q is short and orthogonal

to R, we get f(t, u) = f(t, (XXX)ilu).   So, / = 1 if a > 2.   If a = 2, / = 1  by defini-

tion of yR+s(l).

(v) [yR(0, ys(")] = yR + s(Vy2R+s^2)yR + 2s^3V('. "). where vvvv vi

are as stated before.   We must take into account the /R   ç ç an^ /R   s R °^ tvPe

(iii) when a = 2 here.   Expanding

[yRit\ ysiul + a2)]= [yR(t), ys(a2)][yR0), ys(u¿f ^^
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and [yR(z, + t2), ys(u)] similarly, we get

(a) f(t, a, + a2)= f(t, K2)/(l, ",)/R + s,S(~eAt »¡ + Z ¿7,), a2),

(b) /(/ j + Z2, a) =/(Zp a)/(z2> u)fR+s<R(e(71u + F.a"), Z2).

Let Q be a long root orthogonal to R.   Then conjugation by iQ(A) gives /(Z, a) =

fit, Xu).   It q > 2, this with biadditivity of / gives f = 1.   For  q = 2, let T be the

long root  R - 5.   Conjugation by  zij, gives fit, a) = /(a, z), a fact used in (vi)

where this case is settled.

(vi) [yRit), ysiu)] = yR+sA<:tu)y2R + s(riTTu)yiR + s(8tTTu)y5R + 2S(2ytTTu2)f(t, u).

Expanding  [yRAO, y^i", + «,)], we get, by previous relations,

(c) f(t, a, + a2) = /(Z, a2)/(Z, uj.

Let Q be a long root orthogonal to R.   Then, conjugating by hgiX), f(t, u) =

fit, X    a).   If a > 2, (c) implies /= 1.   Let a = 2.   Taking a, = a2 = 1, we get

fit, l)2 = 1.   Conjugating by hRiX), we get /(z, 1 ) = fit ', 1) for all Z, z' e Kx.

Now, taking the /'s of type (iii) and (v) into account, expanding  [yR(7j + l2),

ysiu)] gives

(d) f(t. +t2, a) = /(z,, a)/(z2, ")/R+5iR(z,a, ¡2)f2R + SiR(t.T.u, f..) •

/2R + S,R+S(Zl'l"> ^

Now, the last two factors are equal for a = 0, 1, so we cancel them, using

(iii).   Taking  0t¿ Zj 7¿ Z2 7¿ 0, /(Z, a) = /R + SjR(Zja, Z2), all Z e Kx.   Given Z and

v, choose  v., v   4 0, t with v = v^ + v2.   Then

fR+S.R^> v^fR + S,R^ v¿fR+S,RAt, v2) = f(t, O2 = 1.

So, the /'s of type (v) are identically 1.   Now (d) implies, for Z 4 1, /(z, 1) =

/(l, 1)/(Z- 1, 1) = /(1, D2= 1.   So,/=l   in(vi).   Let g(z, a) = /R + i;)2R + s(z, a),

type (iii).   Conjugating both sides of (vi) by y2R + s(^)> we zSet

bRAt), ysiu)f2R+s(V) = lyRit)yiR+sitv + Ft7 + L=), ys(a)]

= [yRit), ys^h^R+2s^tv + tv + Iv));

lyR+s{tu)y2R+s{"u)yiR+s(tiïu)\y2R+siv)

= yR+s^yiR+2s^tv + tv+ w))gitu, v).

Comparing sides, g(Za, v)= 1, for all t, u, v, finishing off (iii).

The proof of m (G) = 1  is complete.

The groups    E6(o).  1 denotes a root system of type E     with Dynkin diagram
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ri r4

If a positive root s is expressed 2; _ j a .r., then we shall sometimes write

ala2«3«4«5

22 is a root system of type  F^ Sj = jr^ r }, S2 = jr2> rj ate short roots and

S   = jr S, S   = jr ! are long roots, forming a set of fundamental roots for    2.   We
3 3 4 6

list the positive roots of    2:

noooo,   ooooil fimo,   oinn
Short roots:        Sl=\    0, 0     /' 1 +      2 +    3 = )    0, 0    /'

c     joiooo,   oooio) limo,  omn
S2={    o, 0    /'        ^i+252+53+54=|    lf J    J,

inooo,   oooin c     .     _     (oiioo,   001101
51+S2={    0, 0     }' S2 + 53+54={     l( ,      }•

Í01100,    001101 9„ Í11210,    012111

S2+S3 = {    o, 0    /'     s1+2^2 + 253+54=\    i, !    J,

ç   xv   xv       i11100'    00111l      c       ,c       9c       c       j12210>    01221\
5l+52 + 53={    0, 0    /'    *i+3S2 + 2S3+S4 = j    ^ i    J,

c       ç       c       c        (11100,    001 in (12211,    11221151+S2+S3 + 54= |    ^ j     J, 2S1+352+253+S4 = |    ^        1    J;

fooiool linn»
Long roots: 53 = 1     0    /' 1 +      2 + 53 + S4 = "i     i     j"-

ÍOOOOOl Í012101

54 = j    !     }. 252 + 253+54 = |    1    J,

si + s

2S2 +S3

25-, +S3 +54

25',+ 252 + 5,

(001001

4 * \    1     f '

Í011101

r;iof

2Sj + 252 + 25? +5

25j + 4S2 + 252 + 54 = <

„       ._       2C       c        (123211
2Sj + 452 + 35? + S4 - <

+ 4S, + 35, + 25„ =

_ (112111
4"\     1    /'

2211
1    )'

"}■

Í1232

I    2
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(i)   [xRit), xsiu)] = 1 R, S long,

(ii) =1 R, S short,

(iii) = xR+s(íía) R, 5, R + 5 long, e - ±1,

(B)(iv) = xR+s(eZa) R, S, R + S short, e = +1,

(v) =1 R  long, 5 short,

(vi) = xR+s(f(râ + Za)) R, 5 short,  R + S long, e = ±1,

(vii) = xR +sAetu)xR +2SA-ntuü~)    R, R + 25 long, 5, R + 5 short,

«-±1,     T7 = ±l.

The relations (A).  Let   YR/A = XR, any R e 2S.   Choose roots 5, T with the

same length as R with 5 + T = R; 5 and T form a 120° angle.   Also, [xsit), xT(a)] =

XjAetu), and  [XR, X-] = [XR, X   ] = 1.   Hence, X_X   X     is a group of class 2,

and its preimage Y in G has class < 3.   Thus, Y   is abelian, and so is   Y    C A Y

If R is short, 77 acts nontrivially on XR for all a.   Using Fitting's lemma, define

yRit) to be the unique element of x At) n [YR» 7f].   The same works for R long

unless a = 2.   Let a = 2.   By symmetry under the Weyl group W of     X, we may assume

R = j ! is a root of maximal height, and that 5 = [ ¡, T = ! J. Then

xR çziu), xs, xTcu'. so, yR çz(y\ ys, ytc av'; thus [yR, y5] =

[yR, YT] = 1.   Choose any y*Q(t) £ xQ(t), Q long.   Define yR(t) = [y*(t), y* (1)],

Z = 0, 1.   By an easy exercise, W is transitive on pairs 5, T with 5 + T = R.   So,

yR(z) is well defined.   By the above, y   (z)y(z') = yR(z + z').   Thus, in all cases,

the ys(z) satisfy (C) and (I).

T£e relations (B). (i) [yR(0, ys(r)] = fit, a).   If R, 5 form a 60° angle, / = 1

by   the   previous   paragraph.   If   R, 5   are   orthogonal,   we   mav   assume   that

R   is   a   root   of   maximal   height and that 5 is positive, 5 4 S,, S  , by using the

Weyl group.   As before, YR Ç Z¿V),   Y$ C AV', so / = 1.

(ii) [y d(0> yç(")] = fit, a).   In this case, R and 5 form a 60° angle.   Given R,

W is transitive on such 5.   So, it is enough to check for one 5, e.g., R = S., S =

5. + 5  .   Conjugating this relation by bAX) gives /(Z, a) = /(A z, A-  a), X £ K.

Applying hsip), fit, u) = fipt, p u), p £ K.   So, /(A5Z, u) = fit, a).   Since / is bi-

additive, / = 1, as   |K| > 4.

(iii) [yR(z), ys(")] = yR+sietu)fit, a).   If a = 2, / = 1    by definition of

y        (1).   Assume  a > 2.   By (i) and commutator identities, fit, a) is biadditive.

Using W, we may assume R = 53, 5 = S^.   Conjugating our relation by h$  (A) we

get fit, u) = f(X~lX~1t, a), all X £ K.   This, biadditivity and a > 2 give / s 1

as usual.
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(iv) [yR(0, ys(a)] = yR+s(etu)f(t, a).   We may assume R = Sj, S = S2.   Using

(ii), /(/, a) is biadditive.   Conjugating this relation by iR(A), hs(p), we get

fit; a) = /(A2/,A-1a) = f(p~lt, p2u).   So, /(/, u)=f(t, A3a).   If a > 2, biadditivity

gives  f=l.   It turns out that / is not trivial for q = 2, as we shall see later.

(v) [yR(zO, ys(")l = fit, a). 5 forms either a 60° or 90° angle with R. We may

assume R is a root of maximal height and that 5 is positive, 5 / S., 5 Arguing

as in (i), / = 1.

(vi) [yR(t), ys(a)] = yR   sieitû~ + tu))f(t, a).   R, 5 are orthogonal short roots.

By (v), / is biadditive.   We may take  R = Sj, 5 = 5+ 25   + 5  .   Conjugating by

hRiX),hs  (A), we get fit, u) = f(X2t, XX~lu), f(t, a) = /(A" */, Xa).   So,/0, a) =

/(¿, AAa).   If a > 2, / = 1.   In (vii), we show / = 1 for a = 2.

(vii)  [yR(0, ys(a)] = yR + s(etu)yR + 2S(r)tuü)f(t, a).   Expanding   [yR(', + '2).

ys(a)] = [y^,)^^' ys(")l and [yR(0, y^faj + «2)], we get

(a) f(tl +t2, a) = /(zI, u)f(t2, a),

(b)/(/, a, + "2)=/(i, «2)/0. ^^R^^V *2)>

By symmetry under W, we may assume  R = 5.., 5 = 5  .   Conjugating by i^. (A),

we get f(t, a) = /(/, A-1a), all X £ Kx.   For a > 2, /R +s $ = 1   (type (vi)), which

gives /= 1.   Let a = 2.   Taking 1 = 1, 0 j¿ z/j ?¿ z¿2 ¡¿ 0, we get /(l, 1) =

/(l, l)2/R+S,S("i. "2}-   NoW' ^R + S.S  biadditive implies /(l, l)2 = 1, f(l, 1) =

/d   v c("i> "->)•   Conjugate the original equation by yc     <-     ç  (v).   On the left,;K+J,^12 ^2+3+4

we get

\ysit), ysiu)y2S^s^siuv- + üv)] = [ysM, y2s2+s*+s}uV + »"WySj(í), ystii\

" y2S,+2S1+S<("i7 +ûv)[ys  it), ys  (a)],
2        3      4 3 2

and on the right,

y52+53(í"V252+253+S4("í7 + ^Vs2+S3>S2+S3+S4('"'  vh2S2+S  ^tUÏÏ)^-  «>•

Comparing sides, fs     s    s    s     s  (tu, v) = 1, all /, a, t>, taking care of type (vi).

/ = 1  now follows.

This completes the work for a > 2.   Our next task is to get more detailed in-

formation about the  (B, N)-structure of V of type    E A2) and actually construct a

nonsplit extension of V by Z 2 x Z .   The above calculations show that

M2i F6(2)) is a subgroup of a four group since A is generated by the /    At, a)

of type (iv).

The exceptional case   2E,(2).
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Lemma.   Let W   be the subgroup of W consisting of all w £W for which, in the

expression of w as the product of fundamental reflections, the number of reflections

associated with short roots is even.   Then \W : W  \ = 2 and W    is transitive on

roots of the same length.

Proof.  W   is the kernel of the homomorphism W —• Z/2Z induced by wR —>

2Z, R long, ws —♦ 1 + 2Z, 5 short.   So, \W : W*\ = 2.   Since the long roots of  21

form a root system of type  D  , (w   \R long) is transitive on long roots; hence W

is.   The stabilizer in If of a short root 5 is WQ = (w A Q orthogonal to 5), a Weyl

group of type B,, order 2     • 3, index 2    • 3 in W.   The stabilizer in W   of 5 is

Wq n IV  = WQ, which contains some Wq, Q short.   So, WQ has index 2    • 3 in W  ,

and 5 has 2    • 3 conjugates under W  , which proves transitivity.

We call w e W even it w e W , odd if w ¿ W .

Lemma.   Let S - \s, s~\.   Every w £ WQ leaves s invariant and every

w £ W\Wq switches s and s".   W Q = W „ x IQ, where  IQ  is generated by the trans-

formation sending every root orthogonal to S to its negative.

Proof.  Suppose  wR e WQ, R = \r]  long.   Then  s - eis, r)r = wr(s) = s or s~.

If s", then r = - c(s, r)~  (s — s).   The Cartan integer eis, r) = ± 1 since s 4 s~ and

all roots of 1 have the same length.   This forces r to be the sum of two orthogonal

roots, impossible.

Since W0 contains W     the subgroup leaving s fixed, with index 1 or 2, we

will have  W   = WQ if we show wR  interchanges s and s" for R short (all such wR

ate conjugate in W Q).   We may assume S^S^, R = S^ + 25 2 + S ̂  = \r, ~\.   Then

loooo     _       ooooi uno      -_     01111
o   •    s =        i   '    r =       o   '    r "       0   '

and

(1UU\

'A o )
00001

iww7)is) - =   s.

The last part is an exercise.

Now define xs it) = x  it)x-it ), s as above.   By the lemmas, it is well de-

fined to set, for all short roots 5, x$it) = x^iz) *", where w £ W  , wiS A = 5.

Call the unique element of 5 to which s is conjugate under W   the principal root

of 5.   If w(R) = 5, then xR(t)"w = x$(t) if w is even, = xR(z ) if w is odd.

In G, we redefine the yRit) with respect to this new definition of the one-

parameter elements of G.   We also redefine the factor set / by tyR(z), ysiu)] =

yR   At «)/R sit, u), where R, 5 are short roots at a 120° angle.
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Lemma, (i) fR sit, a) = fR s(Xt, Aa), all X £ Kx.

(ii) fR SU, a)= fR siû~, t ).

(iii)/R sit, a) = fs Riu, t).

(iv)/R>s(i, u'^fJ(R),w(S){te{w)' uS{w\ e(w) = 1,2 for w £ VI even, resp. odd.

Proof.   Conjugate  the commutator relation defining fR s by hRiX) = h (A)¿-(A)

to get (i).   Setting A = t a   in (i) implies (ii).   Since yR.sit a)2 = 1 = fit, a) ,

[yR(z)> y^i")] = tys(a), yRit)], giving (iii).   Part (iv) follows from conjugating the

commutator by  n   , and using v = v , v £ K.

We must carefully observe the order of the indices on fR s.   Fix a short root,

say T = 25 j + 35   + 25   + 5 .   Let WQ be the stabilizer of T in VI.   It is easily

checked that WQ acts as the full symmetric group on the four pairs JR, S\ with

R + S = T and that /Q switches the roots within a pair, and that R is carried to

one root only in any pair under WQ.   Call S.  the primary root of the pair   j5,,

5, + 352 + 25   + 5  ! associated with T, and call the root of JR, S\ to which 5.   is

congruent under VIQ the primary root oí \R, S\.   Primary roots for pairs associated

with other short roots are obtained by applying elements of VI to the above situation.

We may now write the factor set without indices as follows.   If R is the pri-

mary root of JR, S\, write fit, a) = fR sit, a).   If 5 is primary apply (iv) of the

lemma to get /(/ , u~) = /„ At, a).   By above remarks, / is independent of R + 5

or the particular pair JR, 5! chosen.

Now, consider the following sets of roots

20+ = \SV S2, 5, + 52, 52 + Sy Sl + 52 + Sy 5j + 252 + Sy

Sy 252+53, 2S, + 252 + 53!,

2- = j-R|Re20+¡,      20 = 20+u2-,

2j = j5j + 52 + 5? + 54, 5j + 252 + 5} + 54, S2 + S   +- S4,

5j + 252 + 25   + 54, 5j + 352 + 25   + 54, 25j + 352 + 25? + 54,

54, 5? + 54, 252 + 5? + 54, 25 j  + 252 + 5? + 54<

252 + 25} + 54, 25j + 252 + 2S, + 5 , 25j + 452 + 25? + 54,

25j + 452 + 353 + 54, 25j + 452 + 353 + 25j.

Then    2 , the positive roots of    2, is the disjoint union of 2Q and 2..   The

parabolic subgroup P = (//, XR| R £ 2j U 2Q)= CG(XQ), Q = 2Sx + 4S2 + 35? +
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254  (a root of maximal height) has  M = 0AP) = (XR| R £ 1.).   A complement to

zM in P is Xn = (X   I R £ 1 ), and a complement to M in (7 is (7 n Xn =X^
U zfv U U v

(XR| R e 1  )    XQ is isomorphic to the group Y of type  2A   (2), or SU(6, 2), as

inspection of the  (B, /V)-structure will show.   Note that M is extra special with

center XQ

We now define an extension of the Borel subgroup B = (7/7 by a four-group

which lies in the derived group of the extension.   When we show the cohomology

class of the extension is stable with respect to G, M  (G) = Z   x Z2 will follow

[3, Chapter XIl].

Let  1 —> F —> GQ —> X    —» 1  be the covering of X    by a four-group FC G' n

Z(GQ) described in the section on 2A A2).  We wish to make GQ act via XQ on L = M x F

in such a way that EGQ, with L P\GQ = F has the desired multiplication structure on V,

the induced extension of (7.   We take F to be the set of all biadditive functions

f(t, a), t, u £ K, having the same properties as the factor set f(t, u) described

previously.   Specifically, f(t, u) = f(Xt, Xu), X £ K   , Z, u e K.   Easily, these de-

fining relations imply F is a four-group.

We regard GQ as generated by elements y At) which map onto xR(z) e X

in the above sequence.   In the notation of the section on    A  (2), certain f(t, u)

generate F and they are   involved in the defining commutator relations.

Let A be the set of all pairs (R, 5), where R, 5 are short and form a 120°

angle. Identify M and F with the subgroups M x 1 and 1 x F of L. Define the

action of G0 on L as follows:

yç(0
/ =/ all f £ F, S £l0,  all t,

xRAt)ysiU) = xRAt)[xRAt), xsAu)]fAta(R\ „«<«>)«<*•*>

all R £ S,, 5 £ 10, all t, u,

e(R, 5) = 0, AR, S) i A, e(R, S) = 1, (R, 5) e A,

a(R) = 1  if R  is the primary root of (R, 5) £ A,

a(R) = 2  if 5 is the primary root of (R, 5) £ A.

The group of automorphisms generated by the action of the yAu) clearly

induces XQ = X /Z(X ) on L/F = M.   We must show that they induce  X   on zVf.

To do so, we must show that the automorphisms yAu)   induced by the y Au)

satisfy the relations of type (A) and (B) which define XQ.   Once this is done,

Z(X A, of order 3, is seen to act trivially on L, as it is trivial on the 2-groups F

and L/F, by 5.3.2 of [7].

The relations (A) are clearly satisfied.   For (B) we must check that the auto-

morphism [xAu) , x   (v)'] is the product of the automorphisms x At)' • • •   coming
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from the usual expression  [x Au), xriv)\ = x At)— , of type (B), S, T £ 2Q.

We note that the definition of the action of y Au) on XR(0 is invariant under

the application of any w £ W0 to the indexing roots.   Hence, it is sufficient to

check [ysiu)', y_(iv)'] on each xR(/), all R £ 2 , for a representative J5, TÎ from

each of the orbits of VI.  on pairs of distinct roots from 2..   These orbits are dis-

tinguished by the number of short and long roots in each pair, and the angle be-

tween the roots, as discussed in the section on F4(2).  We list the orbits, with a repre-

sentative.   We use earlier notation for roots in a system of type F .

ill'OO, OOll'l £(/, I, 90°),        jOOil', 0001! eil, s, 135°),

jll'OO, 0010! £il, s, 90°), JOOIO, 0001! eis, s, 90°),

jOOll', 0010! £ il, s, 45°), Î0010, ll'lli £ (s, s, 60°),

JOOIO, ll'l'l! £is, s, 120°).

The correspondence between root notations is based on

01l'0 = 54,    001l'=5,    0001 =52,    ll'l'l' =5,.

For each of the seven pairs, the relations (B) may be checked from Table 5

below, which gives  [xR(f), ys(¡z)] in row R, column 5, for R £ 2 , 5 £ 2 .   The

notation  T'v) means xT(v) or yTiv).   We omit x   (t), Q = 25   + 4S   + 35   + 25  ,

and elements of F, since they are central.   We shall also need to know the primary

roots for short roots in 2    to keep track of the /( , )'s.   These are listed in

Table 4 and are used to construct Table 5.   The details of all these verifications

are a multitude of simple calculations left to the reader.

Now, form the semidirect product  LGQ and factor out the diagonal subgroup

in  F x F to get Q, our desired extension of P.   Identify L, GQ> and F with their

images in Q. Q is a proper covering of P as F C GQ C Q  .   Moreover, Q induces

an extension V of U with V/F = Í7,  F Ç v'.   Our next step is to show that the

cohomology class of the extension F of B, the Borel subgroup is stable with re-

spect to G.   This will establish MAG) = Z   x Z  .

Choose representatives  y(x) £ E fot each x £ B.   The factor set  bix, x  ) of

the extension is defined by y(x)y(x')= y(xx')b(x, x').

We also denote by b the element of the cohomology class of b in H (B, F).

To show b is stable under G, we show that the restrictions of b to U O U8 and

U8      O U correspond under the homomorphism of cohomology groups  c  :
— 1

H iU H U8, F) —> H iU8      O U, F) whicn are induced by the maps of cocycles

c  iaix, y)) = aix8~\ y8~)£ Z2ÍU8~ ' C\  U, F)     for aix, y) £ Z2(fJ H U8, F).
8 J J

It suffices to let g run over a set of  (B, B) double coset representatives.   We take
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\n   I w £ W\ for these representatives.   However, by the following result of

Glauberman, it suffices to consider only four 72   , where w runs over a set of funda-
' ' w

mental reflections.

Lemma (Glauberman).   Let G be a group of Lie type, and let B, N, n     have

their usual meanings.   Suppose ß is a cohomology class of B with

(*) c(ß\      g)4ß\    _,    .
8      Bnß* B8     nß

Then (*) holds for g = n , r a fundamental root.

Proof.  Let R be a maximal intersection for which (*) holds.   R = B O ß8,

g = bnu,  b £ B, « e TV, u £ U.   Then R = B O Bhnu = B O Bnu, or 5 = R"~ ' = Sn

Bn = B H B  w, some  n   .   S is also maximal in our sense.   Write  72    =«,•••«.
' t¿> u> 1 Te

as a product of fundamental reflection 72. with k minimal.   Then, 5 ' C (7.

If ze> 2, by [18, p. 270], B n ß"* " ' "7 < ß D ß"* " ' * "m, all m > /.

Take an intersection D of ß with a conjugate of B having D > 5, D     C B.

77'(B, -)

«" 72, \ „

//•■(D. -)-i-.   77¿(D   l,-)

Table 4. Primary Roots for Short Roots in 1^

(R, 5),    R primary,    R + S = Q

(H'l'l*. 1111) (lll'l, 11*11*)

(ll'll, lll'l') (1111*. ll'l'l)
1000

0100

1111

1111'

111 1

lll'l'

(l'll'l', 1111) (lll'l, 1*111')

(1*111, lll'l') (1111', l'll'l)

(0100, ll'll) (0001,1111')

(0010, lll'l) (1000, 1*111)

(li'n', 0100) (I'm', 1000)

(lll'l', 0010) (1111,0001')

(îi'i'i, 0100) (lin.ooi'o)

(l'll'l, 1000) (lll'l', 0001)

(0100, ll'l'l') (OOl'O, 1111')

(1000, l'll'l') (0001', lll'l)
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By maximality of 5, the image of ß in H'(D     , -) along either path is the same.

But this, with the commutativity of

H'iD, -)

hKs, -)

H'iD"1,-)

- hKs"1, -)

contradicts (*).   Therefore, k = 1, proving the lemma.

Let 72 be   72c , nc , or nc , and    let b   = c  (èl ) and b  = b\ .   Then
M    i2 s3 "     ans" BnB"

è   and b   ate clearly cohomologous since the cohomology class of b, the re-

striction to B of an extension of P, must be stable under n £ P.

For any group / and 2-cocycle / which follows, the group determined by /

will be /(/) = j(x, y)| x £ ],y £F\ with multiplication (x  , y,)(x2> Y2) =

(XjX2, yiy2/(x]i x'?))•   hi the case / is identically 1, we regard / as the subgroup

j(x, 1)| x £ /! of /(/).   A system y(x) of representatives for x £ / in /(/) are the

(x, 1) in this notation.

For 72 = 72   , w = w    , we make specific choices for the y(x), x £ B.   Let

Q = 25 j + 35   + 35   + 25   + 5    be the short root of greatest height in  22+.

Let 22  be all roots of  22+ orthogonal to Q and let 2   = 22+\2 .

2 = *■   2'     2 ^     3'     2 "^     3 ^    4'     3'     4*     3 "*"     4'

252 + Sy 2S2 + 5? + 54, 252 + 25? + 54J.

2? = j5j, 5j + 52, 5j + 52 + S., 5j + 52 + S. + 54,

5j + 252 + Sy 5j + 252 + 53 + 54, 5j + 252 + 25? + 54,

5j + 352 + 25   + 54< 25j + 352 + 25   + 54,

25j + 252 + Sy 25j + 252 + 5   + 54, 25j + 252 + 253 + 54,

25j + 452 + 25? + 54, 25j + 452 + 35? + 54, 25t + 452 + 353 + 254!.

Reorder the roots of  22+= 2   U 2    as follows:

R «5 if R £23, 5 £ 22,

R <5,  R, S £l2,

R  long, 5 short, R, S £ 2?,

R < S,  R, S £ 23,  R, S of the same length.

Since we know that in GQ, SR = (yRi0, y_R(0| all t) ^<XR, X_R) C XQ,
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define kRiX) as the unique element of 5    mapping onto h AX).   Then H   =

\k   iX)\ all R, all A! S H, the Cartan subgroup of X (and of T).   Every element

of B may be written uniquely as  xh, x £ il,  h £ H.

Choose  y(xR(z))=(xR(/), 1)£ F if r£ 2^ y(xR(z)) = yR(z) £ F if R £ 2Q,

yih) = k fot h £ H, k £ H* as above.   Then set yixh) = yix)y(h), xh £ B, x £ U,

h £ H, where x = IIxR(rR), the product taken in the order «, and where y(x) =

IIy(xR(iR)).   The factor set c'x, x'), x, x' £ B is defined by y(x)y(x') =

y(xx')c(x, x').

Let  M0 = (XR| R £23>, Y=(XR| R £ 2.,).   Then MQ<B,  MQY = (7,  MQ O

Y = 1.   By checking the roots involved, we see that c restricted to YH is identi-

cally 1.   Also, c(x, h)= 1, x £ U, h e H,  c(x, x')= 1, x £ M0, x' £ Y.

For x e (J, write supp(x) = JR £ 22+| iR / 0 in x = IIxR(rR)!.   We may write

x =x.x  , any x £ M  , where  supp(x   ), supp(x  ) consists of only long, resp.short,

roots.   Note that if supp(x), x £ MQ, consists of long roots only, then xx   = x x,

c(x, x')= 1 = c(x', x), fot any x   £ Mq.

For x = x. X    £ M  ,  x   = x x   £ M    written as above, we use the standard

factor set identities (see the section on  FT2)) to get

cix, x') = c(xjX2, x') = cixy x2x )c(xj, x2x )c(xj, x2)

= cix2x) . 1 ■ 1 = cix2, x\x'2) = cix2, x[) cix2 xi, x'2 )c(x,, x2 )

= c(xj, x2)c(x2Xj, t) • 1 « 1 ■ c(x2Xj, x2) = cix2, x2)cixy, x2xA

• c(xj, x2) = c(x2, x2) . 1 • 1 = cix2, Xj).

We can prove d restricted to Mn is identically 1 if we show c (x^, x^) = c '(*.,, x^).0 Jucuiii-aiiy   í   ii   wc   suuw    c    V*    , *    ./ = c    l*   , *.   )

We verify this last condition directly.   Write  iv., • • • , ¡v.) for the element

X<T   ^i)xc-   iV   (*Oxç       ç      ç   (Oxc       c;       c;       c   (îOxc       oc      c   (fjbl     1      sl+i2     2     S1+i2+ijv   3'    S,+S2+S3+S4V   4'    Cj+2S2+i3v   5'

' XS1 + 2S2+Si+s/V6)xS1 + 2S2 + 2Si +S ¿"y)* s , + 5S 2 +2S J+S ¿v 8'

' x2Sl + iS2 + 2S3+S4(-v9'-   A   direct computation shows  (tVj, • • •, 7vg)n =

g(f j, Z22, 224, î23, i76, i27> 77g, i2g), where   supp(g) consists of long roots.

Now take x2 = (íj,- • •, ¿g), x2= («j,. •• , ag).   Then

y(x2)y(x2) = y(z(ij + Kj, ¿2 + «2» z? + a3> tA + a4, /? + uy t6 + a6, f? + uy ,

ts + «8, t9 + a9 + /jâg + z2z77 + /3â6 + z4â5))

•/(/,, «8)/tr2, z77)/(r3, z76)/(r4, ûa,

where supp(z) contains long roots only.   Using the above rule for x", x'", we
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calculate

yixf)yix2") = yizQitl + a,, Z2 + u2, Z4 + a4, Z? + a3, Zß + a6, Z, + uy Z? + a?,

Z8 + ag, Z9 + a9 + Zla8 + Z2a? + >4i, + r  j¡■))

•(Aty a8)/(z2, a7)/(z4, a5)/(z3, U(),

where supp(2Q) contains long roots only.   Clearly c'(x     x')= c(x  , x')and

c"(x2, x2) = c(x", x2") are equal.   Thus, d is trivial on MQ.

Since we have d trivial on Yz7 and MQ, i(x, 1)| x £ H\ = 77,, !(x, 1)| x £ Y O

Y"! = Yj, and !(x, 1)| x e MQ! = Mj  are subgroups of (B r\Bn)(d).   If we can show

that all commutators [y(xRi0), y(x5(a))], Reí, S £ 1 , lie in  Mj  we will get

(B HBn)(d) split because M.Yjfi,  will be a complement to F in (B n B"^).

In (B nB")(7/),wehave ly^,,, .(*)), yixw{s)iu))] = yi^^/O, «„p ,<«>])

• fita(R), ua<.Rîf(R>s\ because a, is even. In (B n B*)(7>"), we have [y(xR(Z)),

y(xs(a))] = y([xR(t), xs(u)]) • f(ta(R\ „«<*))*(«.*>.   ^ ^ (ß n ßB)(rf)) ¿= z, V>

[y(xR(t)), y(x_(a))] = y([xR(z), x Au)]).   This verifies the above and completes the

proof of stability.

We conclude  M2(2F6(2)) S Z., x Z.,.

CHAPTER III. REE GROUPS

The groups  2F Aq),  a = 22n+ \ n > 1.   Let  K = GF(«), a = 22"+ J, and let Ö
2

be an automorphism of K with x        = x, x e K.   We prove  G =    F4(q) has trivial

2-part to its multiplier by the usual generator and relations argument for  72 > 1,

and treat    F A2) and the simple subgroup    F A2)' separately later.

The following discussion holds even for q = 2.   Notation and (B, TV)-structure

come from Ree [12] and Tits [19], and will be assumed.   Define

iz.W 5 a,(/),    a2(z)=a7(i),    u^it) = a.A\t),    u¿t) = a10(r)»

a5(z) = a5(í),    a6(z) = ^(í),    a?(z) = a^it),    ag(z) « a^it),

fot all t £ K, where the a.(t) ate as in [19].   We have

a.(z)a (a) = a .it + u) fot i even,  t, u £ K,
iii

a .(z)a .(a) = a .it + u)u .iv) tot i odd,  t, u £ K,  v +   = tu    ,

.Aï                iiii
K r    t \        Z   M t \2 t jj     L 2(9+1      ,  2(9      .2(9La.(z),   a Aa )J = uXv) for z  odd where   22 = ¿a      + Z    a,

[a ,(z), a .(a)2] = 1 for z odd.

Set u>.=* tt.(l)w.   Q(l)w.(l) for i even, u>. = u.(l)u.     (1) «.(1)"    for z odd.
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2 = 1,  W = (w.\ 1 < i < 8) S D      and W is the "Weyl group"

of the  (B, N) pair for G [l9l.   Abusing terminology slightly, we write  U =

(u.(t)\ 1 <i<8, l e K), B = UH= NG(U), N = HW ( = NGiH) if H / 1), N/H S W

and the extension splits (see [19]).   Letting  U. = (u.(t)\ t e K), H normalizes each

(/., and VI permutes the   U ■ under conjugation.   If we think of the   U. as points in

Euclidean 2-space (as in the diagram below), the action of W on the "roots"   U.

may be expressed by interpreting w. as the reflection through the line orthogonal

to   U..

In fact, we have u Xt)w = u .it) for w £ VI, where   Uw = U..   To have some notation

for elements of H, we momentarily view    F Aq) C F iq), and use the usual

Chevalley group notation for elements of F iq) [4j.   For i even, X £ Kx define

h.iX) £    F4 iq) by h{X) - h^(X    )h-(X), where r is a short root, F long, in the

expression for a.(t) = x (t  )x-(t).   Similarly, for i odd, define h.(X) = h (X  )h-iX)

where r, r + r   ate short, r   is long in the expression for ct.(t) =

Ñ Ñ        1
xrU  )x-(t)xr   -(t        ).   The action of the h .(X) on the u.(t) is thus calculated in

the larger group F4(q).   Finally, (IL, U.+ g) ^ 2B2(q), the Suzuki group Sz(a),

for i odd, and Si A ̂ q) Si SL(2, a), for z even.

The nontrivial commutator relations among u (t), a.(a), for 1 < i, j < 8, i /= j

ate given below.   To get other  [a.(í), a.(a)], i £ j + 8 (mod 16), conjugate the
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arguments by some w e W to a pair a., it), u .At) fot which 1 < z', ;'< 8.

[aj(z), a3(a)] = u2(tu),

[a,(z), a4(a)] = a3(72)2,     2,29+1 = /a,

[a,(z), a6(a)] = u ¿v)2 u ¿t2 ô u)u ¿v Q)2,    v29*1 = Z2Ö+1a,  v\0*1 = tu20,

[a.(z), a?(a)] = a2(z*+1a)a3(z2í?a)a5(za20)3a6(za2í?+1),

[Ulit), ag(a)] = a2(z2Ö+2a)a3(z2Ö+1a)2a4(z4e+2a2Ö+1)a,(z20+1a203

-a6(z2e+2a29+1)a7(za).

[a2(z),a5(a)] = a3(t2)2,a2Ô + 1 = Za,

(B)  [a2(z), a?(a)] = u}(v)\(tu2\(v0)2,    v20*1 = t2du,     af+1 = Za2^1,

[a2(z), a8(a)] = a4(z2Öa)a6(za25),

[a,(z), a,(a)] = u.itu),

[a3(z), a6(a)] = a5(t2)2,     v26 + l = tu,

I     IA Z   M C   \2      z,2#  \     i     \2 2Ö+1       .20+1 2Ô+1       ,   26
Yu^Kt), uAm)\ = u<\v) u^Kt    u)u7(vA ,     v     +   = Z     + a,     vQ   *   = Za     ,

[a4(z), a7(a)] = a,(a) ,     v     +   = tu,

[a?(z), a?(a)] = uAtu),

20 + 1[a5(z), a8(a)] = a7(a)2,     v2tl+ tu.

,272+ 1
We now assume  q = 2     +    > 8.   Let G be a central extension of G by a 2-

group A.   To establish m (G) = 1, we prove any such G splits.   By Gaschütz's

theorem, it is enough to show that a set of representatives  v ,(z) for a.(Z) in G

satisfy (A) and (B), for then (7 splits, as (7 is clearly presented by these relations

holding among the generators lying in (7.   Note that commutators in G depend only

on the coset of A in which the arguments lie.   The same holds for conjugating

elements.   We freely regard elements of G = G/A  as cosets of A.

For ¡'even, let v .(t) = \u .(t(l +A2)-1), ¿.(A)] eG.   Then these  v .it) satisfy'22 "       I , I

v .it) e u.(t) and

v it)h = v .it') where a it)h = u .it'), tot h e H,
it it

v .it)™ = v At) where  a kt)w = a At), tot w eW.
ii ii

We first proceed to lift the relations holding among the  a.(z), i even, to the iz.(z).

Set  [v.it), îA+2(a)] = fit, a),  [v.it), v.^¿u)] = g(t, a).   Since / and g ate A-

valued, they are bilinear functions of Z and a.   In the first case conjugate by
") Ñ

h.    AX), and in the second, conjugate by  h .(A).   This yields  f(t, u) = f(t, X     a).
' 28 l

So, 1 = f(t, (1 - A    )a).   Since Z and a are arbitrary and q > 8, / is identically 1.

Also, g(t, a) = g(A  Z, a).   Likewise, bilinearity forces g = 1.   These relations now imply

that f(t, u) is bilinear in [v.(t),v.   Au)] = v.   At    u)v..(tu    )/(Z, a), and conjugation
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by h.   4M implies f(t, a) = f(t, X2  a); then / = 1, as above.

Working out relations for v.(t),  i odd, is a bit more subtle.   Z(U) consists of

ja At) | t £ K\ by [12, p. 414].   By arguments like the ones in the preceding para-

graph, we can easily establish [v .(t), a.   j(a)] = 1, i even, and  [a.(0, a.   2(a)] =

v.   .(tu), i odd (the  a.'s denote cosets of A).   Inspection of the table of commuta-

tor relations shows  a3(Oa,(a)C AV   for some t /^ 0, all a /= 0.   Such elements

commute with elements of ja At) \ t £ K.\ C Z AV), the second center of V.   Since

we already know that for all   t , u , [uAt ), a (a ) ] = 1 in    G, by the above two

relations, we get  [a At), a (a) ] = 1 for all t, u £ K.   This holds in all  U., i odd,

by W-symmetry.

The subgroup S = S . = (U., U.   g), i odd, G is isomorphic to the simple Suzuki

group defined over K.   By Alperin-Gorenstein [l], 722(5) = 1, unless a = 8.   If 5

denotes the induced extension of 5 in G, we claim 5 splits.   This is clear if

a > 8: 5 = A x iS ) .   But if a = 8 and 5 does not split, the analysis in U J shows

that in 5 ,  [a.(0, a.(a) ] ■/ 1 for some t, u, contrary to the previous paragraph.   So,

5 = A x iS)',  (5 )' Si S in all cases.   For i odd, we choose v .it) by the rule

\v.it)\ = u.it) n (?)'.   Then (v.(t)\ t £ K) »<í/.(0| t £ K)CG, and we have the

conjugacy properties for these 27.(0 under H and VI as for i even.

The remaining relations to be lifted to the v .it) are of the form [a.(0,

a.    (a)], where i is odd and 3 < 7 < 7.   By W-symmetry, we may assume i,

z + 7 £ jl, 2, • • • , 8!, and even that i = 1.

[vAt), zv4(a)] = vAv) fit, a), t'     +    = tu.   Using previous relations, fit, u) is

bilinear.   Conjugation by, say, A (A) gives / = 1  via the usual argument.

[27.(0, v Au)] = 1   because the commutator lies in  [S ., S A.   The latter com-

mutator is trivial because 5. and 5    are commuting perfect subgroups of G.

[v.it), vAu)] = vAv) v^it    u)vAw) fit, a),

20+1     ,2(9+1 20+1      ,   20
y     T   = t     T a,      iz2     r   - tu

Using previous relations and taking a. A a , we get, by the usual commutator

identities, [v^t), f6("j + u )] = [v At), v Au  j] [v At ), v Au  )].   Comparing each

side, we get fit, u. + «) = /(/, a A fit, a ).   Conjugating the original relation by

h^iX), we get fit, a) = fit, Aa), all f, a £ K, A £ Kx.   So  1 = fit, (1 - A)a) gives

/=1.

[12^), tz/a)] = v^^uh^^v^^v^tu2^1)^, a).

Conjugating this relation by h (A), we get /(i, a) = /(f, A- A    a).   Conjugating by

A (A) gives/(/, u) = fiX-lX20l, a).   These imply /(<, a) = /(/, a'), for allí, a, /',
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a' e Kx. Now, [v^t), Vj(u)] = [a?(a), a^Z)]"1 = ([a,(a), tz^of4)-1. So, /(z, a) =

f(u, Z)-1 = /(Z, a)-1, i.e., f(t, u)2 = 1 for ail t, u e Kx. This fact and previous

relations allow us to compute that [v,(z), a?(a)2] = [v^t), v?(a)][a,(z), vAu)]"7 u =

a3(z2Va3(l2)27z4(ZÖ+1a2Ö+1)^5(Za2Ö)2l25(i20)2l26(Za2e+1)for some a, aQ (the point

is, / is not present). Also, vAu) commutes with each term on the right, for any

u   e K.   Select a. 4 a2 in Kx.   Then, for some a,,

[fj(z), f7(aj + a2)] = [vj(z), i;7(¡í|)z2.(zz2)f7(zz,) ]

= [Vlit), v^Au^iv.At), v7(»2)V'iu*)2\vl(t), v7(Ul)r(u2)V7iui)2.

Using previous relations, we compute both sides and find f(t, u. + u  ) =

¡(t, u.)f(t, a  ).   Since all these /'s are equal, /= 1.

[aj(z), ag(a)]

= a2(z2Ö+2a)a3(z2e+1a)2a4(z49+2a2^1)a5(z29+1)3a6(z2Ö+2a2Ö+1)z27(za)/(z, a)

is the last relation, and we handle it as before.   Using previous relations, we

calculate   [a,(Z), ag(a, + a2)] = [f,(Z), ag(a2)] [a,(z), vA^u^]  8    2 , which gives

fit, u. + uA)= fit, a,)/(Z, a2).   Conjugating the original relation by h (A) gives

/ = 1  as usual.

We have shown that the  v-it) satisfy the relations (A), (B), the requirement

for showing mAG) =1, n > 1.

The simple Tits group    F .(2)' and    F (2). We now let G be the simple group

F',  F = 2F4(2), and prove 222(G) = 1.   Since  F/G S Z2, cyclic, this is enough to

give  722(F) = 1   as well (11).

We use previous notation as much as possible.   Let a. = a.(l), z = a..   Now,

CF(z)2 ("i> "2> ' * * > "g)-   Since the latter group is a maximal parabolic subgroup

in F, the containment is equality.   By the table of commutators  0ACpiz)) =

(a , u ,•■• , uA, (a,, u ) is a Frobenius group of order 20 [19], and   Cp(z) =

02(CF(z))(a,,a9).

The homomorphism of F onto Z    is induced by sending u. — 0 £ Z/2Z tot

i even, a. —> 1 £ Z/2Z, fot i odd [19].   So z e G, the kernel of this map, and it

is easy to determine the elements' of C = CG(z) = G n CFiz).   Letting  T = 02iC),

T. = T,  T.   . = [T., T] in the usual lower central series notation, we can

easily get
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Tl = (u2' UA' U6' U8- Uiuj\  ¿'  / £ '3> 5' 7^;

T2 = ("4- u6> uy uy ui)>      T3=<"5>-

|Tj| = 2   ,  \TA = 2  ,   \TA = 2.   Let y be any element of order 5 in C (say y =

a7 ag).   By the multiplication table, y is nontrivial on X = T ./T'.   Since   |X| =

2   ,  X is y-irreducible and  X = [X, y].   Similarly, T2/T3 = [T2/T3, y].

Set  E = (a.M  , a,ag) C G.   E is a complement in C to T, and E is a Frobenius

group of order 20 because (a., ag) C F is, and  a    centralizes (a,, ag).   The

normalizer in C of the cyclic group of order 5 in E is (F, a  ).
'V» ^

Let G be a central extension of G by a 2-group A.   We shall prove that if

A /= 1, AtG', from which  m2'G)= 1  follows.

As usual, K denotes the induced extension of K C G. g denotes an arbitrary

(unless specified otherwise) representative in G for g £ G.   We write g  £ g, re-

garding g as an A-coset in G.   Since commutators and conjugating elements depend

only on their A-cosets, elements and subgroups of G act on elements, etc. of G.

A word of caution: while elements  a. a , etc., lie in G,  a. and ¡z,  do not.   So

a.a     is represented in  G by a,«,, not a  a .

Consider C and 5 = T.   The major step is to show A C\S   =1.   We analyze

the 5. by the action of E on the S ./S.   ,.
i    ' i     i+ 1

Since A is central, T. = 1 implies 5   = 1.  T    is clearly abelian since  T,   is

cyclic.   We claim T    is abelian.   It suffices to prove that a, v commute, where

a, v £ ja,, a,, a,, a,, a7i, a set of generators for   T..

(a) a,  commutes with the others because  LT     T ] = IA5 , AS A C 5   = 1.
J ^^.,   s\^ 2 j 2 j J r*^/

(b) Let a = [a  a7, a?] £ A.   The commutator is bilinear, so a  = 1 as (a7)   £ A.

Thus, 1 = [(a  a?)  , uA = [a3, uAVu.., uA'= [a,, a  ].   So, a., and a?  commute.

(c) a4 and a6  commute because   la4, a6J = La4, afiJ        = lu^u^u^, u^\ =

[a^, a^][aí, ujA, = [a^, a^]2 by ^-conjugation.   So, [a^, a^] = 1.

(d) a3 and a    commute because  [a  , uA = [a,, uA = 1, by (a).

(e) Let a = [a3a7, uA.   As in (b), a    = 1 and 1 = [(a.,a  )  , u^] =

[a  , uA [a  , at].   Since  [a  , uA   x    8 = [a , u"] = 1 by (a) we see that  a   and

a,  commute.

All other pairs of generators a, v commute because [a, 72] is conjugate under

W to a pair covered in (a)-(e). So, T2 is abelian. Writing T2 = IT2, yj x CÇ--(y)

by Fitting's lemma, 5  , A C C^iy), 5   n A = 1 implies that T2  is elementary

abelian.   In particular, if g is an involution in G, then g is an involution as g is

2
conjugate to either  a4 or a,.
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Assume A C 5   = 5 .   Let L be the Lie algebra associated with 5, L = L   ©

Ln ® L® LA.   A C 5, implies L, S T,/r, as E-groups.   Let  Ln = L„, © Ln ®2 3 4 —     2       r 112 or 0 0102

• • •   be the tensor   product of L with an algebraically closed field of character-

istic 2.   Let <f. be an eigenvector in   LQ,   for the eigenvalue A! of y and let  77.

be an eigenvector for A' on LQ  .   The rf. form a basis for L_,.   We may assume

that çV = £- . upon altering the rf. by scalars, where  v e E,  yv = y  .   Similarly

on  L02, 77" = r/2¿.   Since  LQ3 = [LQl, LQ2], ^fj;  with 2 + / = 0 (mod 5) are the

only nontrivial products among the ¿fry. because 1 is the only eigenvalue for y on

L     .   But (ff, ?74)t;   = f e7/ g, e = 0, 1, 2, 3  (indices taken mod 5).   Thus

dimL.   < 1.   The dimension is 1 because 1 4 a   e T..   Say (^generates LQ3.

LQ   = 0 because [7-02, EQ2] = 0 follows from T2 abelian, and  [Lq,, Lq A = 0

follows from f .£ being an eigenvector for A1 4 1, all z, against LQ4 C A  being

centralized by y.   So, |S,| = 2.

Our analysis shows that the image of A C 5    in L (resp. L  ) must lie in L

(resp. LQ  ).   Since  L      generates L    as an algebra, A 4 1  implies some zf .£.,

i + j = 0 (mod 5) must be nonzero.   Conjugating this product by v implies all rf .ç .

with  i + j = 0 (mod 5) are equal and generate the image of A.   So, \A\ < 2 and

24< |S2I<25.

We now analyze the structure of Cr(a ) and its induced extension in G.

Similar results will hold for any g £ G conjugate   to a  ; in particular, the  a.,   i

even.   Cp(«4) contains XQ = (a2, Z22, a?> «4, a$, «ß, a|, z2g, a16);  XQ =

O2(X0)(ag, a1(.) and |XQ| = 210 • 3.  C Giu ¿ contains X=GnX0= (a2, z22> a^

UV ui' u6' u7' US' ul() °^ orc*er 2    • 3.   By the character table of G (M. Hall-J.

McKay, unpublished), X is the full centxalizer, so the containments are equalities.

In what follows, we shall prove that, for a given  a     e a    in G,

(i) precisely one of   a4, a~ a is expressible as a commutator in X (equiva-

lently, in a Sylow 2-subgroup of X); call it  a  ,

(ii) a    has a square root in G and a   • a does not.

Let R = 02(X) = (a2, Uj, u^u^, a2, z,2, v Kfi, a2), D = (ag, «1(.) » Dfi.

|R| = 2,  \R2\ = 23,  R3 = 1,  R/R2 and R2 = (a2, u4> a2) are elementary abelian.

The elements  Uy, u2, a a , a , a   generate R.   The element r = aga      of order 3

in D acts on R2  with indecomposable constituents  R      = (a ) and R      = (a     u ).

It acts on R = R/R, with indecomposable constituents of orders 2, 2  , 2  ; namely

F, =(a a5"2"6), E2 = \"2> *6^  £3 = ^l"7> " 2"3"5""6"2 ) and these are each

D-invariant.

Our first step is to show a ¡¿ 1/ , where  V = R.   Assume  l/ae V .  We argue

that   a4   remains central in V.   Since  R C T = ^ (C Au  )), u    e T , if  a4   were
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noncentral in V, then  [a*', x] = a, for some x £ V.   But this violates   [5  , 5] = 5

a i Sy   Now,   V4 = 1 as R3 = 1.   Let   L(V) = Lj ©  L2 ® S   be the Lie alz?ebra

associated with 1/ (Lj = V/V2 S R/R2 here).   If a £ V^ = LJf then (a)= V^ and

a = [x,,x2], where Xj e V'.XVj, x   £ V    (   denotes images in  L(V)).   Since  at
/^-/ 9 9 9     9

is central in V, we may take x    £ R22-   This means  x    £ u  , a    or a,a  , all

conjugate in X to a,.   Replacing x     x    by conjugates, we may assume  [x., a ] =

a, a contradiction to  [5j, 5 ] = 1.   So, a ¿ 1/   = L   = 1.

As a e V a is a nontrivial element of L . Denoting by LAV)= LQ, ©

LQ2 the tensor product of L(V) with an algebraically closed field of character-

istic 2, we get a - ¿¡g' in L(V), where cf, cf ' are r-eigenvectors in LQ1 for eigen-

values A,, A respectively; A3 = A2 = 1, and A.A = 1 since ais central. Aj =

A = 1 is impossible since the eigenspace in L fot the eigenvalue 1 is one-

dimensional, generated by the image of F.. So, X / 1 / X , X - X?. Let <f ,

ff    be eigenvectors for A   and let cf , ff    be eigenvectors for A   in L    .   Then

fi^2'^1^4> ^3^2'^3^4   Spa" the eigensPace for ! on L02-

We may choose notation so that cf , cf    lie in the subspace of  L      generated

by E   and cf , cf    lie in the subspace of L      generated by F .   Now, we examine

commutators involving elements of V corresponding to E    and E  .   Note that these

commutators depend only on the   V -cosets of the arguments as   V, = 1.

Since  [a2, u^\ = 1, if a = cf j <f2, then a = [a2, aß]  £ [AS 2, AS A = 1, contra-

diction; so cfjcf2 = 0.   Now, if  cf. / 0, because it corresponds to the image in

i       f/>*     r 2 'Y ~'^v-^~ "21
L02 °f "4 = L"i"7> "2"3"5"6M7J-

This leaves cf. ff4 and if2 <f,; so we look at  [e2, e A, e~   £ E  , F   £ E,.   All

these commutators lie in RJ2-   Replacing e     e    by conjugates, we may assume

[e^, e!"] £ a2;  ej, e2 £ CG(a2) since V3 = 1.   We now list all pairs   (ë"2>fT)for

which  [e2, e A £ a  :

(a2, aja7),     (U(¡, u^yUyU^u-j),     iu2u6, u^u^^u^u^.

H2> "i"7l  is conjugate to   [a2"^, u^u u uAuA in X via a    £ CG(a  ); hence, they

S—\     y />^/

are equal.   Now, [at, ata a ata ] 6 [52, 5] = 5    and, using the commutator

identity and previous results, [zTt, "i"7l = [a2, a7], an element of [5, 521 = Sy

Since  I a    n 5  | = 1, all three commutators are equal.   The same holds for the

commutators  [e   ,"ei] in a, and in a,a,.   Let  a.  denote the unique element of

a, n [a2, uluA, and define  a,, a3a,  similarly for appropriate  [e   , e ].
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We now assert that the three distinct commutators  [el, e^A 4 1,  e    e E  ,

~ë    e E  , together with the identity element, form a subgroup (a four-group).   By

symmetry under D-conjugation, the following argument suffices: for

'2      r^w       2   2i '2   2       p^,    "w   3     'w    ->-,
a5 = la2, a,a7J,       a?a? = la2, u2uíu.u,u¿\

we have

/\ ~~ ^-^^      ~ ""v    /—N_^ /v
2 2   2      r~       2   2ir~-    -w    3     'w   21      r~       2 "^   3     ~-1     '2\

a, • a?a, = La2, a,a7Jla2, u^^u^u^uA = La2, a,a2a3a5a6J = uy
/\

So, a does not lie in the subgroup of V    generated by the commutators  [e?, e  ].

r, f 4 = <f2 f 3 = 0 and a z/ l^.   Now> denote by u^This means  £,f4 = f2f, = 0 and a z/ V      Now, denote by a    the unique element

of a, n V .
4 2

Let (a) be the image of (a) on V/Vy (5) splits off the fixed point free (r)-

submodules of  V/V?  by Fitting's lemma.   So, it a £ Y  , where   Y = (v, a  ), a

Sylow 2-subgroup of X, then we must have   [ala a al, a~] = a (mod V  ) (recall

that  F    is the (r)-fixed point space of R/R    - V/V  ).   Taking preimages, this

/^N-^ A^ t-v^,   ^^      A
implies  FJi^a  a z7^, a^] = a4a   a.   We also have   [a^a a a^, a^a^] = a a.

Now, p = ala^ujtr has square a/ or a,a   and ct= ala„  is an involution.'r2356 4 4 68

Therefore, iop)   = ct p  [p, ff] = p a&.   Since a has no square root in G, p   = u a.

Now, [a,z?X, a^a,]= a, (not  u a) since the arguments lie in V.   The arguments'12674 ~ ^ A

being involutions, we have, for r = u  uAùAu  , t   = a  .   So, (pr)   = p r  [p, r] =

(a a)(a  ) • 1 = a   a contradiction.   Therefore a i Y ', which establishes asser-
4 4'

tion (i).

We can also see that (a) splits off V.   For a i V2 and AV 2/V 2  splits off the

fixed point free (r)-submodule, and off (p) as well since ai Y   and p   = a   £ V

can be established by repeating the argument with ff, p, using [p, o]= u .   In

particular   7J1(V)Ç V.

Since we know  V    and enough about the action of a   on V/V , a corollary
2 o 2

is   |y'| = 2  .   In fact  Y  = (V2, x , x ), where the x. are suitable elements of

the cosets "a^, y,« Y?,   Another corollary is that u/J- has no square root in

G.   If it did, r2 = a a, r 6 Y.   Write r = ala,  a e V.   Since r2 e AV2, r must fix

a modulo AVy hence  [a, ag] 6 AV2 C C(a).   So, r2 = a2a2[a, ag] = a  [a, ag]-

Since  a   e V  ,  u a=r    e y' follows, a contradiction.   At this point, (ii) is

clear, and so both assertions have been proven.
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For later use, let a,  denote the above-mentioned suitable element x, £ a,;'6 16

i.e., u. - [zz~, uA.   Since  at, at £ C~(u  ), as is easily seen, and a    is conjugate

to a , the use of     here coincides with the previous meaning for conjugates of a .

A ~ s-~-^
We now return to 5 and compute 5 .   Let  L = C^.(a  ) = (S , u u', a a a , a ).

|5 : L| = 2, and a representative for the nontrivial coset of L in 5 is p = a  a  a  at.

,    A A A A
From our analysis of X, we can calculate that  L   = (a  , a,, a , a  ) and |L   | =,

24.   Since 53 C L'C52,  L'O 5 and 5/L' has class 2.   So, 52 = (l', [a, p]\

a £ j~2~4, a2«3a5, ~8!>.

We proceed to determine the  [a, p],   [u.u  , p] is conjugate via w w    to

[aj,a , a a ata.] £ u  , and the arguments lie in  C(a ).   By (i), this conjugate

equals  a  .   Conjugating back, [a  a.,p] = a. £ L  .

~      r"V-w     n ~2s~^ 2     'V^
Next, define   a . = La,a,ac, pj £ a,.   Set  (7 = a,a,ac.   Then, a   = a,a,ac, as

4 3   3   5 4 3   3   5. 345'

ff £ V.   Also p^ = a6 because p   1    B £ V and (p    '    ö)   = u^.   So, (pff)^ =

2 2r      1    'W^     ^Ay\ /w    M      A_ c A    n •     u   u   -,
p  a Lff, pj = a,a  a  a,a    = u  u.uAu a  ).   Note  a  a    £ /i.   Conjugating both sides

by a a at = x, we get  (pxax)   = a,(a z?t ).   If a   ¡¿ zTt, we have a contradiction

to (ii).   Hence, [a3 • a,a , p] = û   £ L  .

This means 5    is generated by L   (order 2  ) and the remaining [a, p\; viz.,

[z?g, p] £ a2.   We conclude   \SA = 25 = |T2|, and that A = 1  under the hypothesis

A Ç5

The remainder of the proof is easy.   In our central extension G of G by a 2-

group A, we have A n 5   = 1.   Let A denote the image of A in 5 = S/S2.   By the

action of y on T/T2, Fitting's lemma yields 5 = [5 , (y)] © A, the direct sum as

(y)-modules.   Since the element v of order 4 in E normalizes (y) and 5, 22 leaves

[5 , (y)] invariant.   Therefore 5Q, the preimage in 5 of [5 , (y)], is a normal sub-

group of  U = (5, 27, A), a Sylow 2-subgroup of G.   Furthermore, U/SQ is abelian,

since the image is covered by (v, A).   As A O (J  = 1, A C Z(G), a transfer lemma

(2) implies that A O G   = 1.

Since G is an arbitrary central extension of G by a 2-group A, we infer

7722(G)=1.

Showing 772  (G^ = 1 for p / 2 is not hard.   Since a Sylow 13-subgroup is

cyclic, 722,   (G)= 1.   Since  G O ((a     a )x (a     ",,)) contains a normal subgroup

5 of order 5  , which is a Sylow 5-subgroup of G, we see that there is an element

in NG(S), say a    £ G, which effects a nonspecial transformation on 5.   By (7),

mAG) = 1.   G contains // = (a., u, Ax (a ., a, .) Se D . x Z),.   // contains a normal
5 N   8'     16 4       12' 6  „      6

elementary abelian subgroup P of order 9.   Take  z £ P  ; |CG(z)| = 2    ■ 3.   Let R
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be a Sylow 3-subgroup of CG(z), \R\ = 27.   Since  \C   (z):R\ = 4, if R is not normal

in  CG(z), CG(z) has Alt(4) as a quotient.   Since R has no elements of order 9,

the extension splits, CG(z) = K • Alt(4) by the Frattini argument.   We may assume

z e K.   But then some involution i of Alt(4) centralizes K, a contradiction to

9"t'|CG(/)|.   So, R < CG(z).   Checking centralizer orders of 3'-elements, NG(R)/R

is faithful on  R/<&(R).   If R is elementary abelian, |TVG(R)/R| = 23 • 13 since all

elements of order 3 are conjugate.   But this implies  13 | |CG(z')|, some involution

i, impossible.   So, R is extra special of order 3  , (z) = R'.   This forces

C(jAz)/R = Z , hence an involution inverts  R/R  , centralizes R  .   By 2.1 of

[20], m}(G) = 1.

This completes the proof that m(G) = 1.
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