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ABSTRACT. This paper presents results on Schur multipliers of finite
groups of Lie type. Specifically, let p denote the characteristic of the fi-
nite field over which such a group is defined. We determine the p-part of
the multiplier of the Chevalley groups G (4), G ,3) and F (2); the Stemberg
variations; the Ree groups of type F and the Txts s1mple group g (2)

Introduction. For a general account of work on the Schur multipliers of the
known finite simple groups, the reader is referred to [8]. The gaps in the multi-
plier situation as discussed in [8] have since been filled (specifically, m(.1) = 2
m(.2) =1, m(M(24)"') = 1) and these results will appear in a paper dealing with
multipliers of sporadic simple groups [9].

In this paper we prove the following theorems about multipliers of groups of
Lie type. Theorem 1 will follow from the theorems of Chapter I, the statements of-
which contain detailed information about generators and relations for the (unique)
covering groups of these groups. The results of Chapter II establish Theorems 2
and 3, and the results of Chapter III establish Theorems 4 and 5.

Theorem 1. m,(G,(4)) = 2, m3(G,(3)) = 3, m,(F (2))=2
Theorem 2. M(’A,(q)) 2 Z(SUG, q)); i-e., m(SUB, ¢)) = 1.
Theorem 3. Let G be a Steinberg variation defined over a finite field of char-

acteristic p, i.e., G = 2An(q), n>2, ZDn(q), n > 4, 3D4(q) or 2EG(q), where q is
a power of p. Then MP(G)= 1 except for

2 ~ 2 ~
M,(*A,(2)) = Z,, M,(CA,B) = Z, x Z,
2 ~ 2 ~
M,(*AQ) = zZ,x2z, MCEQ)=Z,x2Z,
Theorem 4. If G is a Ree group of type F,, then m(G) = 1.

Theorem 5. The Tits simple group 2F4(2)' bas trivial multiplier.
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Most group theoretic notation used here is fairly standard; see [7] or [10].
Notation for groups of Lie type used here is that of [7, p. 491], and [4]. Other no-
tation for classical groups is that found in [10]. Some notation special to this

paper is the following:

M(G) the multiplier of the group G,

m(G) the order of M(G),

Mp(G) the Sylow p-subgroup of M(G), p a prime,
mp(G) the order of MD(G)’

mp,(G) m(G)/mp(G).

Also, for group elements x, y we define x” = "Ixy and [x, y] = x~ 1y~ Ly,
group y y y Xy

Assumed results. Most of these may be found in [5] or [8]; if not, a source is
noted. Fundamental results about multipliers and covering groups are nicely pre-
sented in [10].

(1) (Gaschiitz’s Theorem) If G is a finite group, H a subgroup, M a finite G-
module and (M|, |G : H|) = 1, then an extension of G by M splits if the restriction
to H is a split extension.

(2) (*“ Transfer Lemma’’) If P is a Sylow p-subgroup of G, x a p-element in
Z(G), then x ¢ P' implies x £ G'.

(3) (Fitting’s Lemma) If A is a group of automorphisms of the finite abelian
group M and (M|, |A]) = 1, then M= C, (4) x [M, Al.

(4) An automorphism of order prime to p on P, a p-group, is nontrivial if and
only if the induced automorphism of P/®(P) is nontrivial.

(5) The terms G, of the lower central series of G satisfy [G G 1< Girir

(6) (Cartan-Ezlenberg) For H < G, the restriction map H"(G, M) -—-'H"(H M),
where p4|G:H|, induces a monomorphism of the p-primary parts of the cohomology
groups. The image is the set of stable elements of H"(H, M) with respect to G
([3, Chapter XII}).

(7) If a Sylow p-subgroup P of G is elementary abelian of order pz, then
b 4+ m(G) if the normalizer of P effects a transformation on P of determinant not 1.
(This follows from [8, p. 644].)

(8) All covering groups of a perfect group are isomorphic (10].

(9) An automorphism a of a perfect group can be lifted to an automorphism of
the covering group.

Proof. (Alperin) Let 1 =~ R — F 5 G —1 be a free presentation of the per-
fect group G. Say the free generators x; of F map to g, i=1,+++, n, a set of
generators for G. Suppose ga— h;. Write h, as a word w (gl’ 8, ) in the 8
Define an endomorphism (: F — F by xﬁ_ w% 00, %) ThenBBrr— 7w, NOZ

)

X B maps R into itself because if a word v—v(xl,--- x )hes inR, v —v(x e
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4 o 4 ma
goes under 7 to v(xf", °°-,xf )=v(xl ,---,xza)=v(x1,"-,xn) = 1 because

v € R means v" = 1.
Since G =G', RF'=F. B leaves invariant each vertex of the diagram below.

F = RF'
FI
R
RNF'
[R, F]

A covering group of G is obtained by taking F/S, where S/[R, F| is a complement
to R NF'/[R, Flin R/[R, Fl. In our case, taking incidence implies F/S &
F'/IR, Fland B induces a on F'/R N F'2=F/R. We claim the endomorphism 8"
induced by B is an automorphism of E = F'/[R, Fl. Clearly the product of the
image of /3* on E with RN F'/[R, Flis E. But since R n F'/[R, F] is central,
it lies in the Frattini subgroup of E. Hence B* is onto and so an isomorphism.

(10) If K/A =G, A< Z(K) NK', then there is a covering group H of G with
quotient isomorphic to K [10].

(11) f HG, H=H',and m (G/H)—l then m (H) =1 implies mp(G)—l

Proof. Take G, a central extensxon of G by a p-group A. Then H=H'x A=
H x A and each factor is normal in G. Let G* = G/H , a central extension of G/H.
¥ A*= AT'/H", mp(G/H) =1 implies A*\NG* = 1. As G is arbitrary, we get
mp(G)= 1 by (10).

(12) ¥ K/A =G, A<Z(K) NK'and the ordinary representations of K over an
algebraically closed field k& of characteristic p > 0 lift the projective representa-
tions of G over k, then A = M(G)/M,(G) (e.g., 3.2 of [18]).

(13) [xy, 2] = [x, 2Ply, 2], [x, y2] = [x, 2][x, y)°.

(14) Let A, B be subgroups of G. Suppose [A, B] centralizes A and B. Then
laa’, b] = [a, b][a’, b) and [a, 661 = [a, b'1[a, b], a,a’ € A, b, b' € B. (We say
here that [ , ] is **biadditive’’ or “*bimultiplicative’’.)

CHAPTER I. SOME CHEVALLEY GROUPS

Groups of type G, We begin with a discussion of groups of type G, defined
over any finite field K. Eventually, we will specialize to K = GF(4) and K = GF(3).
Suppose 2 is a root system of type G,- We may depict 2 as a subset of the

plane with a real inner product (, ).
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3a +2b

3a +b

—3a-b

Here, the fundamental roots are a and b, and the positive roots =% listed in
the usual ordering are {a, b, @ + b, 2a + b, 3a + b, 3a + 2b}.
The group G,(K), defined over the field K, is generated by the elements
x (), 1€ 3, t € K. Among the important relations satisfied by these elements are
(A) Additivity. xr(t)xr(u) =x(+u), t,u€K,all re 3.
(B) Chevalley commutator relations. [xr(t), x (u)] Ox. (c...t u’), t,

irt js ijrs

u€K,allr,s €3, r£-s. The Cijrs BIE€ certain integers independent of ¢ and

u, and the product extends over all 7, j such that ir + js is a root, the terms being
arranged lexicographically.

. . +
We list the commutator relations for r, s € 27,

[x (), xb(u)] = xa+b(— tu)x2a+b(— tzu)x3a+b(t3u)x3a+2b(— 2¢347),
[x ([), X ‘
[x (t) » X5, b(“)] =X, (3tu)

a+b(”)] =%, b(_ 2tu)x3a+b(3t2u)x3a+2b(3tu2),

[xb(t)’ x3a+b(u)] = x3a+2 b(tu),

[xa+b(t), x2a+b(u)] = "3a+2b(3t")‘

All other commutators [x’(t), xs(u)], r,s € 2+, t, u € K, are trivial. These for-
mulas are derived from (12, p. 4431

Let K = GF(q), where g is a power of the prime p. If we let U = (xr(t)| rext,
t € K), then U is a Sylow p-subgroup of G = G,(¢). Also, N.(U) = UH, where H is
a Cartan subgroup. We have H = (b (@))x (h,(w)), where w generates K* and each
factor is isomorphic to Zq 1+ In fact, b (w)b (v) = b (uv), for u, v € KX, r=a, b.
For each r € 2, H normalizes X_=(x (t)| t€ K) and x (t) bs@) '(tu ), where ¢
is the Cartan integer ¢ = c(r, s) = 2(r, s)/(s, s).
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Notice that certain terms in the relations of type (B) drop out in characteristic
2 or 3. As usual, we let U, be the ith member of the descending central series of
U. When K = GF(4), we have
1=U. Uy= <Xa+b’ Xoase X3asp x3a+2b>’

U, =1

5 =(X Ug=(X3050»  Us

3a+b’ X3a+2b.)’

In fact, reversing the order of the terms will give the upper central series. So, the
class of U is four, Ui/Ui+l is elementary abelian, 1 < i< 4, of order 24, 24, 22,

22, respectively. When K = GF(3), we have

Uy=U, U,=(X X ()x

2a4b’ “3a42b’ “arb (- ) v €K),

3a+b

Uy = (X2a+b’ X3a+26)’ Ug=1.
The factor groups Ui/Ui+ 1» 1 <i< 3, are elementary abelian of orders 33, 3, 32,
respectively.

The Weyl group of this root system is dihedral of order 12 and acts as the
group of symmetries of a hexagon on the set of short roots and on the set of long
roots.

Denote by H a Cartan subgroup of G. Assume g # 2. If we set N = Ng(H),
then N/H & W, the Weyl group of 2. For each w,, the fundamental reflection
through the hyperplane orthogonal to 7 € X, there is a distinguished H-coset repre-
sentative 7, of N which maps onto w_ under the above homomorphism: 7, =
x ( L)x_ (l)x (-1). If g=2, we defme the subgroup N as the subgroup generated
by all the =, . ThlS element n_ has the property x_ )" = x, (s)(77 t), where the
1, are certain integers *1. These 7 _ satisfy the rules 1, -1, M, _s=
Trys? Mogs = Trow (s ) A table of s for r,s € 27, taken from Ree, is given

below [12].
Table 1

s: a b a+b 2a+b 3a+b 3a+2b

a -1 -1 -1 1 1 1
b -1 -1 1 1 -1 1
a+b 1 1 -1 -1 1 -1
2a + b 1 1 -1 -1 1 -1
3a+ b -1 -1 1 1 -1 1
3a+2b 1 1 1 -1 -1 -1

If we denote by G* the abstract group presented by generators x (1), r€ 3,
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t € K, satisfying relations (A) and (B), then the theorems of R. Steinberg in [15]
show that G is the covering group of G for representations over an algebraically
closed field of characteristic p, and that G* = G. Hence p is the only prime which
can divide the order of the Schur multiplier of G. We shall assume this fact
henceforth.

Let G be the covering group of G. Since G is simple, G = 6', and the kernel
of the given map ¢: G —GisA= 2(6), the center of G. When convenient we
shall regard ¢ as the canonical quotient map of G by A.

If V denotes the preimage of U in & then V is a Sylow p-subgroup of G and
V/A = U. We have [V 1% ] .+] as is true in any p-group, butalso [AV AV]<
Vz+]’
only on the coset of each argument modulo the center A.

because A is central Note further that [x, yl, for any x, y € G depends

The group 62(4).

Theorem. The Schur multiplier of G = G,(4) has order 2. The covering group
G of G may be given with the following generators and relations:

fy O reX, teKl, K=GF4), K‘={l, 0, w2l

2 is a root system of type G .
y (0)=1, y 0% = ¢,
(4) y’(l)yr(w) = yr(wz), y,(Dy (@) = y @)y (),
for all short roots r € 2, t, u € K*;

yr(t)yr(u) = y'(t +u), all t, u €K, all long roots r € 2,

(B) 0,0, y @ =TTy, , e )0, (&

i,j
where /r’s(t, u) =1 unless r is short (resp. long), s is long (resp. short), and they
form an angle of 150°, in which case f, (t, u)={ for tu # 0, or unless r and s are
long inclined 120° to each other, and t£ u, tu# 0 in which case f, _(t, u)= ¢; the
Ciirs @r€ the same integers as in the corresponding formula in G (4), and the terms
in the product are ordered correspondingly.

~— A

We are interested in a set of representatives x'(t) € G and relations like (A)
and (B) holding among them. Let Y be the preimage of X in G; Y,/A =X, Re-
call that V is the preimage of U in G and that V, denotes the ith term of the de-

scending central series of V.

Lemma 1. Y_ is abelian if r is long. If s is short, YS'= (&), £ =1, for all
short roots s.
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Proof. For some w € W, (Xr)nw = X3a+2b’ So, Y"g [AV4, AV4]§ Vg=1,
and Y_ is abelian.

Let f_(t, u) = [?’s(t), ¥ _(u)l. By applying the n,, w € W, [_(t, u) = [ (t, u)
for all short roots s. Conjugating the commutator by b _(v), we get [ (¢, u) =
[, (w?, w?), ve K. Also, 1 =¥, (), ¥,@)?]=ft, w)?, so f(t, u) = f(u, 1) as
[x, y1=1 = [y, x]. All this implies Gty u) = /a(t', u')forany t £ u, t' £ u'in KX.
Setting { = f,(t, u) for ¢ # u finishes the proof.

For r long, Fitting’s theorem gives us a decomposition Y, = [Yr, H] ® A.
Define y (t) as the unique element of x (t) N [Y,, H). For s short, define y,(0)=1
and y_(At) = [?S(t), hs()\)], for t £ 0 where (A) = K*. In either case, these repre-

sentatives satisfy
yr(t)b =y (t") where b € H, xr(t)b =x (¢,
y’(l)nw = yw(')(t) for n €N, x,(t)"w = xw(')(t),
y'(t)yr(u) = yr(t +u) for 7 long, ¢, u €K,
y Wy @) =y (t+u)d (1, u) fors short, t, u €K, d_(t, u) €4,

ys(t)2 =¢ for s short, t # 0.

The last fact comes from 1 = [B?‘S(t)z, bs()t)] = ys()\t)zé'.

The factor set d(t, u) = d_(t, u) is independent of the short root s, by the
above. In the group G = G/{), Y is abelian. So, Fitting’s theorem applies to
give X_= [73, H]l= (57s(t)l t € K), and then ¥ )y () =5 (¢t + u). This says
that d(¢, u) € ({). As in the previous lemma, d(t, u) = d(tv, wv), all v € KX.
Clearly, d(t, u) = {d(u, t).

The relations (B). For the analogue of a typical Chevalley commutator relation
in G we write

[y’(t), y (@] =11 yi”js(c

Our object is to describe the f, (¢, u). By applying some n ., we then may assume

L3
iipstH ), (&, w).

7, s is any given pair of roots of the same lengths forming the same angles, as W
is transitive on such pairs.

We can now give a description of certain f (¢, u), 7 £sy-s.
,

Lemma 2. Suppose that X and X have different centralizers in H and that

[yr(t), ys(u)] =1I yl.rﬂ.s(cijrstiuj)/',s(t, u). Then,
/r’s(t, u) = fr,s(’l’ uy)y forall t, u, ty, u; €KX
Moreover, if [y’(t), ys(u)] commutes with y (t) and y (u), and if the yir“.s( )

which appear are additive in their arguments and commute with each other, then
/r’s(t, u)=1.
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Proof. No X, is centralized by all of H, so no Y_ is either. By our conven-
tion, y,,(0) = 1, all r' € 2. So, conjugate the commutator equation first by each
b € Cy(X,) and secondly by every b € C(X,) to obtain the first result. The last
hypothesis implies that [ , ] and all the yir”.s( ) are bilinear functions of the

commutator arguments. This, with the first result, proves f, s(t, u)=1.
’

Corollary 1. [yr(t), ys(u)] = 1 whenever [xr(t), xs(u)] =1 unless r and s are

long roots forming an angle of 60°.

Proof. To use the lemma we must check CH(X )£ CH(X ) in all the above
cases. Since r# s, there is some w € W for which w(r), w(s) € st So, [X X I=
1, CH(Xr);é Cy(X,) is equivalent to [Xw(,), w(s)] =1, CH(Xw(’)) # CH(Xw(s))’
which is checked for the relevant positive roots by inspecting the Cartan integers.

A separate argument disposes of the exceptional case.

Lemma 3. If r, s € 2 are long roots forming an angle of 60°, then ly, @),
ys(u)] =1.

Proof. y,(t), y () are conjugate to, respectively, )’3a+2b(’) modulo A and
y3a+b(u) modulo A, by some n, € N, w € W. The commutator is central, so
[yr(t), ys(u)] = [y3a+2b(t), y3a+b(”)] elA Vs AV3] Cv,=1,as V has nilpotence

class 4 or 5.

Corollary 2. If s and r are short roots, inclined 60° to each other then [y (1),
yr(u)] =Yg, (tu) (s +71is long). If s and r are short roots inclined 120° to each
other, then [ys(t), yr(u)] = yzs+r(12u)ys+2’(tu2) (2s + r and s + 2r are long roots).

Proof. In the first case, by the conjugacy properties of the y () under the n_,
we may assume s =& + b, r=2a+ b, s +7=3a+ 2b. So, we have that [ya+b(t),
y3a+2b(tu)] and [y2a+b(u ) Y3a +2b(tu)] belong to [AVZ’ AV4] C V, =1, and this
gives /a+b,2a+b(t’ u) =1, using Lemma 2.

In the second case, we may assume, as above, that s =a, r=a+b, 2s +r=

3a + by s + 2r = 3a + 2b. Arguing as above, we apply Lemma 2 to finish the proof.

Lemma 4. If s, 7 are long roots forming an angle of 120°, [ys(t), y'(u)] =
s”(tu)/ (t, u). Then f_ r(t, u)=14t=0, u=0, t=u. For othert, u,

fs ’(t u) assumes the constant value y, y2 =1.
,

Proof. We may assume s =b, r=3a+b, s +r=3a+ 2b. [Xb’ X3a+2b] =
[X3a+b’ X3a+2b] =1 implies that /b a4 b(t u) is bllx;xear Since C (X ) =
CuXsayph 1y, 3a4 60 W) =1 304 5(> @) all v € K. Application of n, to the
commutator equation shows that /b,3a+b(t u) = /b,3a+b(u’ t). All these facts

prove the various parts of the lemma.

Lemma 5. For [yr(t), ys(u)] = yr+s(tu)/”s(t, u), where r and s are long roots
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forming a 120° angle, {, (¢, u)=1fortoru=0ort=u, f (¢t u)=0 otherwise,
some 8 € A independent of the particular r, s.

Proof. By previous relations, f,,s is biadditive. Conjugating the relation by
b, (), /r’s(t, u) = /r’s(vzt, v~ lu) = [,,s(vzt, v2u), v e KX, Conjugating by 7,,
where ¢ is a short root orthogonal to 7 + s, /r’s(t, u) = /s’r(t, u) = /"s(u, t). If
0£¢t£u#0, we get f,,s(ts u)=0. Let 0#4t=u+ v, where u# 0% v. Then
/r’s(t, t) = /r.s(t, u)/r,s(t, u)=082=1. Conjugating the commutator by all »_,
w € W, we prove the last part.

Lemma 6. fa b(t, u)=( =08 forall t #0# u.
Proof. By the first part of Lemma 2, /, ,(t, ) =y for all tu # 0. Now,

ya(t)ya)(b(t(uI + uz))y2a+b(lz(ul + uz))yaa...b(t}(”l + ”2))/a,b(t’ u; + ”2)

ypluytuy) 2 3 ypluy)
= ya(t) = {ya(t)ya+b(tul)y2a+b(t ul)y3a+b(t ul)/a,b(t' ul)i

2 3
= ya(t)ya+b(tu2)y2a+b(t uz)y3a+b(t uz)fa’b(t, uz)ya+b(tul)
2 3 3 3
B PP G PO GO PP GETTRY PR G LY A
= ya(t)ya+b(tu2 + tul)d(tuz, tul)y2a+b(t2u2 + tzul)d(tzuz, tzul)
3 3 3 3
. y3a+2b(t u]uz)y3a+b(t Uy +t ul)y3a+2b(t uluz)

3
Mygpp s Eups u) (6w (8 uy)
Comparing sides,

/a'b(t, Uy + uy)

(*) = d(tuz, tul)d(tzuz, 12”1)/3a+b,b(t3u1’ uz)/a,b(t' ul)/a,b(t' uz).

y (t,+t,) y (¢,)y (¢))
A similar computation with y, (u) 17727, ty, )@ 1174727 yields

() [, 0t + 2y )~ = A2, 20)d(tyu, ), o{ty, u)-l/a,b(tl’ )~ 1.

Taking t=1, u; = u, #0in (¥, we get 1 = d(ul, ul)zy2 = y2. For t =1,
Ok uy#uy#0, y=duy, u))?8y? =8. Taking u=1, 041 £1t,40in (+¥,
y~l=d,, 11d@?, t)y"2 ={. So,y=8={, proving the lemma.

Proof of Theorem. a/(é>= G because, modulo (£), the y,(t) satisfy the rela-
tions (A) and (B), which define the group G abstractly. Hence, |A] = |{| divides 2.

The following is a sketch of the proof that 2| |A]. Let P =(UH, X-a) be a
maximal parabolic subgroup. In the permutation representation of G on the cosets
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of P, one can (by specifying a system of coset representatives) compute that the
involution xa(t) fixes 25 cosets out of 1365. As a permutation, it is the product
of %(1365 - 25) = 670 transpositions If we embed G in the alternating group

A1365 in this way, and let ¢ be the preimage of G in the covering group

1365
of A|;¢s, the fact that 670 =2 (mod 4) means that a representative in G for x,(t)

has square j, (j)= Z(A1365) [14]. Hence, Gisa nonsplit central extension of G
by (j)=Z,. {# 1 and the theorem follows.

Curiously, the representations of G of degree 1365 on the other parabolic sub-
group O = (UH, X-b) leads to a split extension as x(t) fixes 21 cosets.

The group G,(3). In this section, we prove the following result.

Theorem. The Schur multiplier of 62(3) bas order 3. The (unique) covering
group of G,(3) may be presented as the group generated by symbols y (t), 1 € 2,
a root system of type G,, and t € K = GF(3), satisfying the relations

y Dy () = y(t+u), all re 2, t €K,
ly (), y (@] = nyir+js(cijrstiuj)ars(t’ u),
i,

where the indices run over the same roots as in the corresponding Chevalley com-
mutator formula, the Ciirs 4T€ the same integers, and the terms on the right-hand
side are arranged correspondingly. The o__(t, u) are 1 unless lr, s} is a pair of
orthogonal roots or a pair of roots at an angle of 150 degrees to one another. If

{r, s} is an orthogonal pair, then

ar,s(t’ u) = % /(r) w i(s)

(ns',rt’ 775"5”)

for all reflections w s € W, the Weyl group of %, where the n, _ are certain in-
tegers t1 listed later in this paper. If r is a short root and s is a long root form-

ing an angle of 150°, then

a (l 1) = a (t, u) = a w(r), w(s)(t, u)

forallt,u€KandallweW. Finally a_ ,(1,1)=a L1, D7

a,3a+2
Lemma 1. Set Yr/A =X . Then Y is abelian.

Proof. If 7 is short (resp. long), then X, is conjugate to X, (resp.
X
Ve= :
potence class 4 or 5. Thus, Y =1, for all 7.

We choose a system of generators of G as follows. Write /A = H, N/A = N.

3a+2b) Since each of these last two groups lies in U we have [AV AV ] <

1. The last equality holds because U having class 4 forces V to have ml-

Then N/H = N/H & W. Since H induces a 2-group of automorphisms on the
abelian 3-group Y, we obtain a Fitting decomposition
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Y =ly, Hl @ Cy. W =[y, H ® A.

This is a direct sum of H-modules (3). By regarding X as an H-module we have
the isomorphism [Y H] =X of H-modules induced by the quotient map ¢. We
now select the generators yr(t) from the cosets x () by the rule y (¢) = [Y' Hln
x ().

These generators enjoy the following properties, which follow from the defi-

nition and the corresponding properties of the x (t) in G.

y(ty )=y (t+u), allreZallt,uck
yr(t)g =y (1), where h € b € H, xr(t)b =x (¢,

y’(t)nw= yw(r)(t t), where 7 €n , weW, xr(t)"w = xw(r)(i 1.

The relations (B) are satisfied by the yr(t) modulo a factor from A. That is,
(B) ly (1), y ()] = n yir+l.s(cij’stiuj)ars(t, u)
ll’

where the indices run over the same values as in (B), the Cijrs 2r€ the same as

before, and ars(t, u) € A. Our task now is to determine these last functions.

Lemma 2. Suppose that X, and X, bave different centralizers in H and that
[y )y, ()] = ﬂylr+]s(cijrst’u’)ars(t, u). Then ars(t, u) = ars(t', u') for all
tyu,t', u' € K. Moreover if by, ), ys(u)] commutes with y (t) and y (u) and if
the yir+js(c t'u’) which are not 1 commute with each other, then o _(t, u) =1,
forall t, u

ijrs

Proof. No X, is centralized by all of H, so no Y_ is centralized by all of H.
So, conjugate the commutator equation first by an b from each b € Cp (X)) and
secondly by every hebec y(X) to obtain the first resule. The last hypothesis
implies that [, ] is a bxlmear functlon of its arguments, hence ars(t, u) is. This,
with the first result implies ars(t, u)=1.

Corollary. a__(¢, u) = 1, unless {r, s} is conjugate under the Weyl group to
either {a, 3a + 2b} or {a, b}.

Proof. Clearly, a (t,u)=a )(i'l, tu), for all w € W. Except for the

w(r)w(s
excluded cases, we apply the lemma to 7, s positive. Inspection of the explicit

relations (B) and the Cartan integers (below) gives the conclusion.

Table 2
r a b a+b 2a+b 3a+b 3a+2b

elr, a): 2 -3 -1 1 3 0
cr, 8): -1 2 1 0 -1 1
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We now deal with the remaining cases.

Lemma 4. a, (1 l)a 1,1)=1.

y3a+2b
Proof. Conjugate y () by yp(1) twice.

y -1 2 y (1)
Y =ty Wy, )y, )y3a+b(t3)y3a+2b(t3)aa‘b(t, NYe

=¥y, g, 5 PO o) P Vo) L VRS D )
“Yoass™ tZ)aZa.q.b,b(_ 2, l)y3a+b(t3)y3a+2b(_ t3)y3a+2b(t3)aa,b(t' )
= ya(t)ya+b(t)y2a+b(t2)y3a+b(— t3)y3a+2b(t3)
a, o D2 ay, 00—, - 2, 1).

yb(-l)

Comparing the above with the expression for y (¢) gives the identity

a, 1)2a (3, - t)a

2
3a+b,a+b (-t ’ 1) = aa,b(t' 1).

2a+b,b

For an orthogonal pair, bilinearity and the rules

-1
I O A Sl N R M)

imply that, for ¢ £ 0, a, ,(t Do
{a, b} finishes the proof.

3(sz(l, 1)=1. The first half of Lemma 2 on
It is now clear that the multiplier of G has order 1 or 3, as ar's(t, u)=1 or
# 1, for a pair {7, s} of orthogonal roots. We shall prove that the latter case holds.
Let B be the Borel subgroup B = UH. We shall construct a certain extension
R of B by C, a cyclic group of order 3, with C < Z(R) NR', and then we shall
check that the cohomology class of its cocycle in HZ(B, C )' is stable with respect
to G in the sense of Cartan-Eilenberg (see Chapter XII of [3]). This will then
imply that H*(G, C) is nontrivial.
Let R be the group generated by symbols z (1), k (v), &, (v), 7 € Z+, t €K,
v € KX, which satisfy

zr(t)zr(u)= zr(t +u)y, all t,uek, reSt,
k (‘U)k (U') = k (U'U')y r=a, b; v, UI € Kx!
[z ), z ()] = n z. tiuj),Brs(t, u),

zr+7s ijrs

where the Ciirs? the indices, etc., are as in the formulas for G. We let B's(t, =1
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unless {r, s} is a pair of orthogonal roots or a pair of roots forming an angle of
150°. For an orthogonal pair {r, s}, we require

Yst(r),Ys' (s )(T,S"'t’ TIs:'su) = Bf.s(t’ u)
for all ¢, u € Kand all w_, € W such that in s, w(r), wy (s} is contained in X*.
If r and s form an angle of 150°, we require B"S(l, 1)= B"s(t, u) =ﬁw(r)’w(s)(t, u)
for all ¢, u € K and all w € W such that {r, s, ws,(r), w (s)} is contained in S*.

Bas(l, D= By sl DY,
[Brs(t’ u), ZSI(U)] = [Brs(t’ u), k'l(ll')] =1

forallr, s, s', for r'=a, b,all t, u, v € Kand v' € KX,

k (v)
20 -2 (o),

k; (v)
zr(t) b zr(tvC("b)) for all ¢, v, r,

[ka(— 1), kb(— D]=1.

Now, some remarks about R. There is a map p of R onto B given by zr(t) -
x (1), k () & h_(v). p extends to a homomorphism since the images of the genera-
tors satisfy the relations of R. The group T =(k (- 1)| r = a, b) is elementary
abelian of order four and p|,. is an isomorphism onto H. B = Ba3as26(s 1) has
cube 1 since 'Ba,3a+2b(t’ u) is central in R and bilinear in ¢ and u. The group
S= (zr(t)l re3* 1 € K) is therefore a normal Sylow 3-subgroup of R. Every ele-
ment of R may be written uniquely as Il z () - Bz, i=0,1, 2, where the terms
in the product are ordered as the roots are in 2+. It is also clear that R is the
semidirect product of S and T because R =(S, T), ST is a subgroup,and S N T
is a 3-subgroup of T, hence 1. v

By the above remarks, |R| = [S||T| = |(B,)! [Bl, as (B,) = ker p. We need to
establish B # 1. To do this, we shall construct a group isomorphic to R in which
the element corresponding to B, is not 1.

First, consider the 3-group D generated by elements Z)s 2y 235 2, subject
to the relations

3

zi=1v i=ly2»3’4’

(z,, zz]=zs, (=, zd=1, i=1,2,3,4,

[zl, z4]=y'1, [zz, z3]=y, [zl., yl=1, i=1,2,3,4,

and all other [zl., z].] =1 1if not instantly derivable from one of the above. The
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group D has order < 3% because every element of D can be put in the form
o}, =%

i=1 . ye, es €= 1, 2, 3. On the other hand D must have order 3%, The cor-
tespondence z, xb(l), z, Px

Z

3a+ 2a+b(1) extends
to a homomorphism of D onto X = <Xb’ Xa+b’ X2a+b’ X3a+b’ X3a+2b) with kernel
() such that z; x3a+2b(1);é 1.

b(l)’ zs Hx‘Hb(l), z, X

The correspondence Z, U, i=1, 2,3, 4, extends to a homomorphism of D
onto an extra-special group V of order 3> with kernel (z 5) such thaty — 8 £1. V

may be given by generators Uy Uy U3y V4 and relatlons v =1, [, P Up vk] =.1,
v.)
and [v, pv ] 3 v for all 7, j, k where { is the nonsingular symplecuc form on

the vector space V/V' given by the matrix

0 0 0 -1
0 01 0
0 -1 0 0
1 0 0

with respect to the basis yiV' of V/V', i=1,2,3,4
Next, we consider some automorphisms of D. Define the maps £, nand pof
D to D by

1_- 1
tf. z, b 2,25 725 Y5 Z, > Z,,
-1 .
3 b 2324, Z, b 24
z p—-»z'l z l—-»z'l
Y] 1 1 2 2 ¢
1 1
3H23 Z, bz
-1
7 lezI, z2 HZZ )
-1
zy b 25, Z, 2,

That these maps extend to homomorphisms is readily checked by noting that the
images of the generators z, under these maps satisfy the defining relations on
the z. To see that they are isomorphisms, note that they all induce isomorphisms
of D/D . Any proper kernel therefore must be contained in D'= (250 7D but
trivial observations exclude this possibility. Thus, F = (&, 7, u) < Aut D.

Direct computation shows that §3 =1, 772 =1, #2 =1, [, é1=[n, pl=1, and
uéu=£-1. Hence, F = (X, H)via & —x,(1), n = b (= 1), p — b, (= 1)

We can now establish Bo A1, A homomorphxsm of R onto the semidirect
product DF may be defined as follows:
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z (D) =&, k(= 1) =7,
kb(— 1)"'[-’-9
z (1) -z, z3a+b(l)f—> z,,

a+b(1) = 25 zZa+b(1)H Z g

23a+2b(1) st’ BO and }/'

We have a homomorphism because the images of the generators of R satisfy the
defining relations of R. Since we know that y £ 1, By #1 follows, i.e., the ex-
tension R of B does not collapse.

This section is concerned with the construction of an explicit factor set for
the extension R of B by C.

Every element x of B may be written uniquely as x,x,, with x, € U, x, € H.
Furthermore,
xp=x e )x e (e, (2 )x

2a+b 3a+b(t5)x3a+2b(t6)’

x, = ba(vl)bb(vz)o
The ¢, and v, are unique elements of K.

Choose representatives y = y(x) for x = x
1 €S, Y, €T,

x, € B in R as follows: y =y

1 172

)

v =20tz )z, 1)z, ()2

¥, = ka(vl)kb(vz).

(ts)z

3a+b 3a+2b(16

Then the factor set b of this extension is well defined by y(x)y(x') = y(xx" ) b(x, x').
We note that if b € H, then b(x, b) = b(h, x) =1 for all x € U. Also, b(h, b')=
1 for any b, b' € H.

For x, x' € U, we give an expression for b(x, x'). Let x = x (2%, () -

in the above notation and let x' = x (tl)x (t ) *, Then choosing y(x), y(x') by

+t +t .t
the given rule, we get b(x, x') = BQ ‘o't ‘2 53, We may use this expression

to compute b(x, x') for any x,x' € B as follows. Write x = X% x'= x1x2w1th
%1 x; € Uand %, , x, € H. By the last paragraph,

y(x)y(x") = ylx ylx )y(x')y(xz')

"%, ' -1
= y(x y(x )2 " y(x )y(x ) = y(xlxl )b(xl, x )y(xzx;)
Ix-l x -1
= y(xlx1 %2 )blx), x| % ) ylexolx ), x| 2.,
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<51
So, b(x, x') = b(x 2 ), for which we can use the above formula.

The extension R of B by C corresponds to an element of H (B, C) which we
also denote by b. We show that b is stable under G by showing that the restric-
tions of b to B N B® and Bg“l N B, for all g € G, cortespond under the homomor-
phisms of cohomology groups

-1
H2(B N B8, C) —» H*(B® N B, C)

which are induced by the maps
& (alx, y) + BX(B n BS, O))
-1 -1 2 -1 2 -1 2 -1
=alx® ,y8 )+B°(B8 N B, C)eZ(B® n B, C)/B*(B8 nB,C)

in the usual cohomology notation (see [3] or [10]). It suffices to let g range over
a set of (B, B) double coset representatives.

Such a set of representatives is | = {1, n'l, n'z, n"a, n"‘, n's, n'l|
re 3"}, where n=n b

For g =1, b(x, x') = b(x& ), trivially.

For g = ”;ib’ "z-al+b’ n;;+b, "3-3”26’ n'z, n'3, n'4, the subgroups B N B®
and BE N B do not contain two elements x, x' such that b(x, ') £ 1. Thus,
b(x, x') = b(xg_ , x'g-l) =1 for these g. Hence the restrictions of b represent
the 0-elements of both cohomology groups, and so correspond under the homomor-
phism Cot

Forg=n , BnB¢= B® nB=<H,xb,X X X

a+b? " 2a+b? 3a+b’ X3a+2b)
t t! +ll
In the previous notation, for x, x' € U N U8 < B N B&, b(x, x")= B,4 % > 3.

-1 - Jto-tlt
A direct computation shows that b(x¢ , x'€ )=, 42 53 We must show

that this cocycle b'= cg(bl ) is cohomologous to b" =

BnB&,BNnB8&

bl _, _1 - This is equivalent to showing that their difference d =
B " B,B® nB
Nyl . . .

b'b is the faCtor set of a split extension. We see that, for 3-elements x, x',

l ’
+t t +t t! +2.t
d(x, x') = B 2'4 35735 in the above notation.

Let 1 5 C —E — Y — 1 be the restriction to Y = Ug-l N U of the exten-
tion of B given by d. We claim that the extension sphts

First, note that the representatives y(x) for x € Y'= Z(Y) form a central sub-
group of E. This is immediate from the formula for d. In fact, d(x, x "Y=d(x', x)=
lforxeY', x'€ey.

Secondly, we see that C £ E’'. We compute the commutators [y(x), y(x ")l
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Yo )y(x') = dlx, x')ylxx") = dlx, x")y(x'x[x, x'])
= dlx, x"y(xy)dlx', )~ (s, x'D.

But the formula for d shows d(x, x') = d(x', x). So, [y(x), y(x") = y(x, x"1).
Since the y(x), x € Y', form a subgroup, we have C NE'=1and C £ E_'.

Thirdly, CE'/E' is a summand of E/E'. This follows from Fitting’s theorem
on the abelian 3-group E/E'. E/E' carries a 2-group of operators isomorphic to
H, C is central, and every element of E/CE' is inverted by some y(h), b € H.
Thus, E/E'~ C® E/CE'.

These steps imply that E is a split extension. A normal complement to C is
the kernel of the composite: E — E/E'—=CE"/E’.

. . ~1 . . .
Since Y is a Sylow 3-subgroup of B ~ N B, and since d restricted to Y is
cohomologous to the split extension, Gaschiitz’s theorem implies that d is cohomol-

. . -1
ogous to the split extension of B8 " N B.
A similar argument verifies that the restrictions of b do correspond under

1

¢ ~1. For the remaining values g =n"1, n=> of J, routine computation shows
n

b ..
that the restrictions correspond under e (and even 'c"g). Thus the cocycle b of B

is stable with respect to G. The theorem is proven.

The group F,(2). Some notation will be given before the main theorem is
stated. A root system 3 of type F, may be given as the following set of vectors
in four-dimensional Euclidean space with orthonormal basis lcfl, ‘fz’ {"3, 64}.

'3 rfi+§,. %(fl.+fj+fk+§,)

where i, j, k, [ = t1, £2, +3, 4, |i|, |j|, |k|, || are all distinct, i’ = - i and
fi’ =- 'fi for all i.

Two systems of notation for these roots will be used. In the first, tf!. will be
denoted by i, ufi + tf,. by ij, and (¢, + f}. + &, + &) by ijkl. In the second, write
the root £ as a linear combination EL 1 2;¢, and denote £ by a,a,a.a, if £ = ¢,

27374

or &, + f,. and by b,b,b,b, if &= U, + f]. + &, + &) where b; = 2a, and where - 1

is written 1'. The advantages of each system will become apparent.
The Dynkin diagram for F, is

where we take our fundamental roots to be rp =11 1", r, = 0001, ry = oo11’,
ry =011 '0. We order our roots by the convention s >r if the first nonzero coef-

ficient of s —r = 2:.‘_ 1 €7; is positive.

F ((2) is generated by elements x (1), r € X, t € K= GF(2). These elements
satisfy the relations:
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(A) Additivity. x'(t)xr(u) = xr(t +u), r€Z, t,u€K.
(B) Chevalley commutator relations.

[xr(t), xs(u)] = Hx. (c
i

7 _
irsjs l.’.'st u )7 r ?é S,

where the product runs over all 7, j such that ir + js € 2, the terms are arranged
lexicographically, and the integers c . depend on Z but not on ¢ and u.
The nontrivial relations [xr(t), xs(u)] for F 4(K) over a field K of characteris-

tic two are listed below

[xi(t), x].(u)] =1, [xi(t), xt.,’.(u)] = x,.(tu)xij(tzu),

(tu)y

[xi].(t), xi,j,“(u)] = xi’.kl(tu)xu(tuz), [xl.].kl(t), xij:k:l,(u)]' = xi(tu),

[xi].(t), % k(u)] = xik(tu), [xl.(t), xi,’.u] =%l

[xijkl(t)’ xl.].klll(u)] = 1.

Theorem. The Schur multiplier of F 4(2) bas order two. The (unique) covering
group may be presented with the generators y (), 7 € 3, t € K, and relations

yr(t)yr(u)= y(t+u), 1€ tuck,

[y’(t), ys(u)] = Hyir+is(ci,.’stiuj) . a’s(t, u),
l']

where the indices Ciirs? etc., are the same as in the formulas (B) for F4(2), and
where o, _(t, u) =1 unless {r, s} consists of a short and a long root forming an
angle of 135° and t, u £ 0. For any suchr, s, t, u, & (t, u)={ £ 1 and ({) is the
center of the covering group.

Lemma. The Weyl group W of X is transitive on roots of the same length. If
{r, st ', s'"¥C 3, 1, 7' (resp. s, s') have the same lengths and the angle between r and
s equals the angle between r' and s', then there is a w € W such that w(r)=r’,
w(s)=s'.

Proof. The first part restates Lemma 5 of Chevalley [S]. So, we may assume
r=r"and that r = 1000 or 1100 as r has length 1 or /2, respectively. The set 20
of roots orthogonal to 7 forms a root system of type B, or C;, respectively, and
the stabilizer W of 7 in W acts as the Weyl group of 20. Hence W is transitive
on roots of the same length in %. In general, write all s of a given length and
angle to 7. It is then easy to give enough w € W, to prove the transitivity of W,
on these sets. The lemma is proven.

The lemma enables us to partition the set of pairs {7, s}, 7, s € 2 into families
of W-conjugate pairs denoted by triples (, , ). The first two (unordered) entries
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are (I, 1), (s, s) or (I, s) as r and s are both long, both short, or of different lengths,

and the last entry is the angle between r and s. We list these families:

(1, 1, 09 (s, s, 0° (1, s, 909
(1, 1, 1809 (s, s, 1809 (I, s, 459
(1, 1, 909 (s, s, 909 (1, s, 1359
(, 1, 609 (s, s, 60°)
(1, 1, 1209 (s, s, 1209

Denote by U the subgroup of F4(2) = G generated by all x (I)= x , for
r€ 2", Then U is a Sylow 2-subgroup of G.

Lemma. The commutator subgroup U' of U contains x, 7€ 2+, r £ 0001,
0010, 0100, 11°1'1', 0110, 0011, 1100, 0011 ".

Proof. By direct calualation.

Lemma. If {r, s} € (I, 1, 60°),.(s, s, GO°), (I, s, 45°), then there is a w € W

with w(r) = 1000 if r is short, w(r) = 1100 if r is long, and x, ) € u'.

Proof. Use the two previous lemmas.

Let G be a covering group of G. Letting A = 2(6), we have A C G'and
G/A = G. We may think of G as the quotient group G/A, the elements of G as
cosets, etc., when convenient. Let V be the preimage of U in G; then V/A = U.

Select y (1) € x (t) for all r € 3, 1 € K, and define

y o) = 77,0, 57 (),
yi(tu) = [’)\/ijlcl(t)’ ’)}Jijlkl ll(“)]’

it = 0 o ()

These elements are well defined because the commutators depend only on the

coset of each argument modulo A. They enjoy the property yr(t)"w = Yuw( )(t) for
w(r

all w € W, where iw €n,. To see this, write r = s + s  withr, s, s’ of the same

length. Then

n n
y (0" =Ty (0, y JO1™ = Ty, 0y 5oy = 5,0,
The relations (A) and (B) hold for the y (t) modulo a factor from A:

y W2 =a, Ty, y =1y, (e riuh.a ()

Ve shall determine the o and a (¢, u). Abbreviate y =y (1).
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Lemma. a. St u)=1 for {r, s} € {, s, 135°).

Proof. If 7, s are orthogonal, let % be the roots orthogonal to r. Then, X =
CAREDN )= Sp(6, 2), simple. So, [y, ), X ol=1las [(x) x J=1. Ifr,sforma
60° or 45° angle, there is a w € W with w(r) = 1000 or 1100 and Xuis) € U'. Since
X0 € Z(U), Ywiry € Z,(V), the second center of V. So,

Wiy Yus) €120V AV =1

giving a_ s(t, u) =1 in this case. Finally, a (t, w) =1 for {r, s} € (I, 1, 120°),
(s, s, 120°) by definition of the y (t).

Corollary. y'z -1 forallr € %, i.e., 0 = 1.

Proof. Write 7 = s + s’ where r, s, s' have the same length and 7 forms an
angle of 60° with s and s'. So,

2 y
1= [ys, ys,] = [ys, ysr] s[ys, ys/]
2
= [ys’ ys:y_Hs:][ys, ysl] = [ys, ysr][ys, ys,] =Y,
by the lemma.

Lemma. Forf{r, s}, {r',s'} € (, s, 1359, a (@, u)? = 1and a (t, u)=a=
ar,’s,(t, u), for t, u# 0.

Proof. Using the last lemma, expand the gommutator [xf, xs] =1 for the first
assertion. The second part follows from yr(t)nw = Yo (ry (8-

By the theorems of R. Steinberg [15], the abstract group generated by symbols
x(¢), 7 € 3, t € K, satisfying relations (A) and (B), is isomorphic to F ,(2). Our
results so far show that the Schur multiplier of F4(2) has order 1 or 2, as a=1
or a# 1 respectively. We must show a#£ 1.

Let ry = 1100 be the root of maximal height in the ordering we have given for
3. Let 3, consist of the roots orthogonal to 7, 2+ s* Nz 2+\2
Then P—(x I re3? ul=cC %, ) is aparabohc subgroup, O (P) (x| rGE ),

and § = (x, |re 2 )=C (2) Sp(6 2) P =0,(P)- S, a semidirect product.
ISl =18, |S,| =15, and

2;= {11’00, 0011, 0011°, 0001, 0010, 11°11, 11'1'1, 11'11", 11'1'1"}.
We shall construct a nonsplit extension R of Uby C = Z, and show that the

corresponding element of H (U C) is stable with respect to G F (2) in the
sense of Cartan-Eilenberg [3]. This will imply H 3G, C)£1 and hence thata £ 1.
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Let X=0 (P) and set T =(x I T € 2 ) We wish to define an action of T on
Y=XxC. To do this, we will define certain automorphisms z_, s € 20, of Y and
show that T is isomorphic to the subgroup Q = (zs[ s € 20) c Aut Y.

The group Y = X x C = {(x, yi)l x €X,i=0,1, C=(y)} may be presented as
the group generated by (x, 1), r € Zl, (1, y) satisfying the appropriate relations
among those of (A) and (B), plus (1, y)? =1, [(x 1), (1, y) = }‘, all 7€ 2. Now,
for each s € 37, define z:Y =Y by(l, y) T=y), (r, 1) =(x[x,x],
ye(' S)), where e(r, s)=1ifr, s € (I, s, 1359, e(r, s) = O otherwise. The z
extend to automorphisms because the images of the generators of Y under z
satisfy the relations defining Y. For later use, we may write z_(¢) = ;;’ :(1)’

If W, is the stabilizer of 7 in W, then W, acts as the Weyl group of 20 on
3. Arguing as before, W is transitive on pairs {r, s}, r,s € 2, r#ts with the
same number of long and short roots which make a fixed angle between them. These
families (listed below in previous notation) meet seven of the nine families of X.
Since the definition of the action of z_ on the (x’,l) is invartant under application
of w € W to the indices (provided s, w(s) € 2;) it is sufficient to compute [Zs’
zs,] on each (x’, 1) for a representative {s, s "} from each of the seven relevant
families.

A set of representatives s, s’ for these families is as follows:

f11'00, 0011} € (1, 1, 90°9) {0010, 0001} € (s, s, 909,
¢=3;n (1, 609, {0010, 11'11} € (s, s, 60°),
¢=25n (1 1, 1209 {0010, 11'1'1} € (s, s, 1209),

{11'00, 0010} € (1, s, 90°),
{0011’, 0010} € (1, s, 459),
{0011, 0001} € (1, s, 1359).

Since the z_ leave C =((l, y)) invariant, we see that the group of automorphisms
induced by 0 =(z | s € E;>on Y/C = X is isomorphic to T. We must show that
this homomorphism of Q onto T is faithful. T may be presented as the abstract
group generated by the x , 7 € 2;, subject to the appropriate relations (A) and (B).
It is therefore sufficient to show that these same relations hold among the z_.

The relations (A), namely z =1, are easily checked.

For each of the seven pairs, the relations (B) may be checked from the table
below, which gives [(xr, 1), zs] in the row 7, column s. The generators (xyo, 1)
and (1, y) are omitted since they are central in R. This establishes Q = T.

The semidirect product R = YQ is our desired extension of U by C. R does
not split over C as CC Z(R) NR'.

We now define an explicit factor set for this extension. In addition to our
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given ordering < on 2, we use another ordering < on the roots of 3%, defined by
r < s whenever r is short, s is long, or else r < s when r and s have equal lengths.
By an easy argument, every element x € U can be written uniquely as err(t'),
where 7 runs over =¥ in the order determined by <, and ¢ € K. A coset represen-
tative y(x) for x € U = R/C in R is chosen as follows: y(1) =1, y(x) = Hry(xr(t')),

where for s short

(Xs, 1)9 N 621’

+
L seg,

ylx ) =

and for r long

(x', 1)9 r € 219
yx,) = e,y reIi.

The factor set b(x, x') of this extension is therefore well defined by y(x)y(x') =
yxx")bx, x').

The extension R of U by C corresponds to an element of HZ(U, C) which we
also denote by b. We show that b is stable under G by showing that the restric-
tions of b to U N U® and Ug-1 N U, for all g € G, correspond under the homomor-
phisms of cohomology groups g H*(U N UE, C) —*l-{z(Ug.l nu, C) wlhich are
induced by the maps of cocycles 'S‘g(a(x, y) =a(x& ", yg-l) e 28" nu, C),
for a(x, y) € Z%(U N U8, C), in the usual cohomology notation (see [3] or [10]).

It suffices to let g range over a set of (U, U)-double coset representatives. The
subgroup N forms such a set of representatives (H = 1 in F (2), so N = W). Every
element of N is of the form n , w € W.

By an induction argument, we shall establish stability by proving the stronger

result

1 for all g €N,

cg(blun ) = bIUg_ U

g
) v

-1 -1
ie., blx, ') =b(x® ,x'® )} forall g €N;x, x' €U N U&.

Given g, we call a pair (x, x") for which (t) holds a g-stable pair.

Define supp(x) = {7| t, # 0} for x = err(t'). Note that b(x, x') =1 if supp(x)
consists entirely of short roots or if supp(x') consists entirely of long roots.
Since these conditions are g-invariant, (x, x') is a pair stable under all g € N
with x, x' € U N U8,

If X=X, X, x=E&n, <f=x7I R 1]=x'i+1 AR then x € UN 8
implies &, n € U N U®, and conversely.
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11,11 11,11 1000 0100 ,1100 00,11
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If |supp(x)| > 1, then write x = £ as above. Using

blx, x') = b(&n, x') = y(Enx")~ Ly(Enly(x")
(%) = ylgx )" 1O 1€, Yy Ey(b(&, P~ y(x")
= by, x")b(E, nx")b(€, )~ !

we obtain b(x, x') = b(xg-l, x"€ 1) for g € N such that x, x' € U N U® by induc-
tion on |supp(x)|. We are thus reduced to proving (1) for x such that |supp(x)| = 1,
ie., x = x, 1€ E+.

Our first case is x = x , x'= X s 7,S€ 3%, I ris short, or s is long, then
(x,, x,) is a g-stable pair, for the relevant g € N, by previous remarks. So, we

assume 7 is long, s short. By

blx, x ) =ylx x )" ly(xr)y(xs) =yl x [x, x D™ ly(ac')y(xs)

= yllx, xs])'ly(xr)'ly(xs)"Iy(x’)y(xs) cblx, [x, x D

if r and s form an angle not 135° then x_, %, commute and so do y(x') and y(xs)
which implies b(x,, x_)=1. If r and s form an angle of 135°, then [xr, xs] =
X,, % 425 Forall such pairs 7, s, lyx), y(x )] = Y, Jyx, 0 (1, y)=
y(xr“xM 2s) * (1, ¥) by our rules for choosing y(x) and the fact that 7 + s is
short, r + 2s is long. Now b(x,, [xr, xs]) =b(x', x”_s)b(xrx”s, X, 2S)b(xﬂ(s, X, 2s)'l.
The last two terms are 1 since 7 + 2s is long. The first term b(x , st) =1 since
[x,, x”s] =1 by a previous case. So, for such {r, s}, blx,, x )=(@1,y). Inall
cases, therefore, (x, xs) is a stable pair.
We introduce the order relation << on U. We say that x, <<x, if
(i) the least (<) member of supp(x,) is > that of supp(x,),
(ii) when these are the same, |supp(x,)|<| supp(xz)l,
(iii) when both these are the same, the least (<) root in

(supp(x,) U supp(x, )\(supp(x ) N supp(x,)) belongs to supp(x,).
In general, if x' = v,
bx, x') = bx, w) = ylxw) ™ Ly(x)y(w)
(%) = y )~ Ly lep) ™ Volapes )y (x)y()y )b, )1
= y) ™ Volx, pblxp, vy, v)=1 = blx, Wblxp, Vblg, )1

We shall prove (1) by <<-induction on the second argument x'. (1) holds if
|supp(x')| = 0, or 1 as shown before. In our special case of (*¥) set x = x , x'=

Xoy T ¥y t>1, p=x_,v= Xgp Tt L By previous remarks we may assume

S1 1
r is long, s = s, is short. On the right side of (*%) (u, v) is stable by <<-induction,
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(x, p) is stable as |supp(u)| = 1. b(xp, v) is the remaining term. If 7, s form an
angle of 45° or 90° then xp = px. Now, (¥ implies b(x u, v) = b(p, xv) b(p, x) is
stable as (x, v) is by <<-induction and the others are, since supp(u) = {s}, s short.
Finally if r and s form an angle of 135° then xp = PXX, X o= (nys) .

(xx ), grouping by root lengths. By (¥),

T4 2s

b(xp, V) = b(prsxx”zs, V) = b(xx”zSa V)b(nyS, xx”zsv)b(px',(s, xxHZs).

The last two terms are stable as supp(ux_, _) consists of short roots. Again (¥)

r+S

implies b(xx”“, V) = b(x , V) b(x, x'+2sv) b(x, x”Zs). Since r + 2s is long,

r+2s
the last term is stable, and the first two terms are stable by <<-induction (n.b. the

<-minimal member of supp(x v)is s,, not 7+ 2s). Putting all this together,

r+2s
we have expressed b(x, x') as a product of stable terms, so (x, x')is a stable pair.

Our claim (1) is established. The proof of the theorem is complete.
CHAPTER II. THE STEINBERG VARIATIONS

Let G, be a Chevalley group and G the Steinberg variation (if G, admits
one) in which the field centralized by the associated field automorphism has ¢ =
p/ elements, p a prime.

Steinberg proved in [16], that if G has type ?A_(odd n>2), D (n> 4),
3D4, or 2E6’ then the linear representations of the group I presented by the rela-
tions (A) and (B) (stated below for each type) cover projective representations
for G over an algebraically closed field of characteristic p. Thus, if G is the
covering group for G, then there is a homomorphism ¢ of Gonto 'y A = ker¢ C
Z(G)N G', and A is a finite p-group. A is the Schur multiplier of I" and also the
p-primary part of the multiplier of G. The corresponding statements for 2A"(q),

n even, were not established in [16]. However, Steinberg has recently proven these
statements for 2An(q), n> 4, neven. The case n =2 is handled in this paper.

Our task, then, is to determine the multiplier of I". In the case of 2A"(q), n
even, we can determine the p-part of M(G) (which turns out to be trivial) merely by
showing that in any central extension Gof G by A = Zp, the induced extension of
U splits, where U is a unipotent (Sylow p-) subgroup of G.

Preparation for the proof. The reader is expected to know the standard
machinery for Chevalley groups, [4], [5], [17], especially the root systems, which
are detailed in [2].

By abusing terminology slightly, we write U for the U (or U?) of [17)~that
is, the fixed points in the standard unipotent subgroup of the Chevalley group under
the outer automorphism defining G. Similarly, we write H for H!, N for Nl, W for
Wl, etc. We write t+— ¢ for the associated field automorphism, 7 — 7 for the

associated permutation of roots. For the trially twisted groups, these maps have
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order 3 and are written ¢ t=, F T 7.

If G, has root system 3, the “‘twisted”’ root system for G is denoted °Z (or
35 G= 3D4(q)). See [17] for details and notation. If R, S are roots of 23 or
33), we say they are long, short, orthogonal, etc. as elements of the ‘‘twisted’’
root system. If G £ 3D4(q) or 2An(q), n even, a long (short) root of 23 consists
of one (two) roots of 2. If G = 2An(q), n even, a long root consists of three roots,
and a short root of two roots. If G = 3D“(t]) a long root consists of one root, a
short root of three roots.

K, denotes the ground field of 4 elements and K the extension field of q*

(or ¢3) elements.

Suppose G # 3D4(q), 2An(q), neven. If R=1{r}, S=1{s,5} € 22, the corre-
sponding ‘‘one parameter elements’’ are x (¢), t € K, and xs(u)xs_(IT), u€ K. We
define xp(¢) = x (). However, for S, the one parameter element could be denoted
xS(u) or xS(E). One could conceivably make a choice for a fixed S, then extend
to other short roots under conjugation by certain elements of N. There are prob-
lems with the process, as the section on 2E6(2) illustrates. But this is unneces-
sary for most of our purposes. That is, within a calculation involving various
x¢(u), S short, we fix an arbitrary choice for each § which may be inferred from the
context. A similar situation holds for short roots in 3D4(q), and for short and long
roots in 2An(q), n even.

If R is the latter kind of root, x (8)x-(t )x - (u) = x- (¢ )x (t)x, (u~N ~tt)
is denoted xp(t, u) or x (¢, u~ N ~tt). (The N _ are certain constants related
to the root system.)

As in [17, §21, we may think of %S as a subset of the lattice in Euclidean
space generated by % and W as a subgroup of the Weyl group of 2. The reflection
wp corresponding to R is w_if R = iy ww-if R = try 74, ww-w= if R = tro 7,
;_-}, and w, - if R=1{r, 7,7+ 7 }. The corresponding element of N is np=mn, nn-

rr?

nnns, n - respectively (n = x (- 1)x_ (1)x (= 1)). The elements of H corre-

spond to self-conjugate characters on the lattice determined by 3. We write hp@)

for b (), br()\)b: @), br()t)br- ™) b;(x) respectively, where
W) =x A NHx_ (=0)x A" Hn
T r -7 14 r

The ambiguity here for |R| #1 is handled as for one-parameter elements.

A word of caution. np permutes the X as w, permutes the roots S. However,
x¢(t) may be conjugated under np to xg,(tt)or xg (2t ),depending on our defini-
tion of the one-parameter elements for |S| £ 1.

Unless R is long in 2An(q), n even, the additivity relations of type (A) read.
x ()% () =% (t + u). The relations of type (B), the analogues of the Chevalley
commutator relations, are stated as we treat each family. For each family, we
choose representatives yp(t) for x(¢) in G. The yg(t) satisfy (A) and (B) up to
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a factor (usually written d or f) from A. If G £ 2An(q), n even, we can get ¢=r
(equivalently, m(I") = 1) if we show that the y,(t) satisfy the relations (A) and
(B). The exceptions are handled individually, and the slightly different argument
for 2An(q), n even, is discussed later.

For convenience, we identify I" with G/A and regard elements of I" as cosets
of Ain G. ¥ € G denotes an arbitrary element of x € I'. Commutators in G and
conjugating elements depend only on their A-coset. Hence, elements and subgroups
of I operate on G.

Ve say that a system of representatives y,, y, *** in G for X, %, e in r
has Property (C) if y:.' =y ne N, whenever x:' =% and Property (1) if Y=Y
whenever X,%,= Xy and Xpp Xjp X belong to the same one-parameter subgroup.

Despite the warning three paragraphs ago, to show that the factor /r 'S(t,u) €A
in a relation [y (), yS(u)] =+ -+ of type (B) is identically 1, it is enough to prove
triviality for /R',S’ (t,u), when there is a w € W with w(R) = R', w(S) = S', once
we know the yp(t), y((u), yR,(t'), yS,(u') involved satisfy (C).

Lemma 1. Suppose that a long root R in *S is written R=S+S'=T + T'
where S, S', T, T' are short. Then there is a w € W, with w(S)=T, w(S')=T"'.

Proof. Since W is transitive on roots of the same length (2.8 of [5]), we may
assume R = {r}, where r is a root of maximal height in 3. Let S=4s,5}, §'=
{s',5', T=1t,t}, T'=1t", 1 '}. By renaming the roots within these pairs if
necessary, we have

1 '

(*) r=s+s =5 +5 =l+l=t_+t—'.

Given a system r,,+ -+, 7 of fundamental roots for 2, the height of a root

s7

i=1%;7; is defined to be 2;; 12; (2, integers). Since the height is additive, all

roots in (%) are positive.
' Suppose 2 has type An, T=T b -'+ T We may assume § = ST 3

S'=rm+1+...+rn’ [:rl +...+rk’ t :rk+l+..o+,n, 15m<k<n. Let

w’ be the reflection corresponding to the root 7y + <+ +71,, w" the reflection

. 1 "

corresponding to Tmekel v 70" +'rn_.m+ e Then w=w w € Wand w(s) = ¢,
cwS) =T, wS')=T' follows.

A similar argument works for 2 of type E,and D, n > 4. In fact, for b,

note that {S, S’} ={T, T'} always.

wis)=t', wF)=1, wE"')=1

Lemma 2. If 3 has type FyorB, _,,and R=5+ S'=T+T', where all
these roots are long, there is a w € W with w(S)=T, w(S')=T"'.

Proof. By direct examination, as in previous lemma.
Remark. The hypothesis is never satisfied for 23X of type C .

We shall repeatedly use the following without comment.

Lemma 3. Suppose K, K, are fields and f: K x K, — A is a map into an
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abelian group satisfying (a) (resp. (b)).

@) f(t+1t', u)=f(t, u)f(t', u), all t,t" € K}, u€K,,

Mb) @, u+u')= [, w)f(t, u'), all t € K. u, u' € K,,
then if f(t, u) = f(\t, u) for some A £ 0, 1 in K, and for all t € K,, u € K, (resp.
fit, u) = [, pu), u#0, 1 in K, all t, u), then [ is identically 1.

Proof. 1= f((A\ - 1)¢, u), for all ¢, u. But (A — 1)t ranges over K)f as t does,
implying f=1. The alternate case is similar.
We call an { satisfying (a) and (b) biadditive.

The 3-dimensional unitary groups 2Az(q). The result of this section is that
the multiplier of G = SU(3, q) is trivial. See [10] for the information below about G.

Let G =SUG, 9), 4 =p", K=GF(¢), K, = GF(g), (r) = Gal(K/K,), A" = \?,
A € K. G is the subgroup of SL(3, 7%) stabilizing the Hermitian form whose

matrix is

- O O
o = O
O O

ISUG, ¢)| = ¢(¢> + 1)(g% = 1), |SL(3, ¢?)| = ¢%(g° - 1)(¢* - 1),

ISL(2, )| = q(g% - 1).

The special p-groups Q, = {x(a, b)| b+ b + aa’' = 0, b, a € K}, Q, = tyla, b)|
b+b +ad =0,b,ac K} form Sylow p-subgroups of G, where

1 a b 1 0 0
xag, )= 0 1 -d' |, yab)={d 1 0]
0 0 1 b -a 1

Their normalizers are generated by Q; and the cyclic group H, H = {hA)| A € K,
A £ 0}, where

AT 0 0\ )" xla, BB = x(A2T-1g, ATHLY),

iy =lo A-?

0 0 A BN~ ya, BB = y(A=2q, A™T" ).

The groups Z, = {x(0, b} C Q,, Z, = {y(0, b} C Q, satisfy Z, = 0/ = Z(Q,) and
§=(Z,,Z,)=SL(2, q). S is normalized by H, [HN S| =g -1, |HS| =
q(q2 —~1)(g +1). The subgroup of H of order g + 1 centralizes Zl" ZZ, hence S.
To prove m(G) =1, we prove m (G) =1 for all primes r dividing |Gl.
The index of HS in G is qz(q2 - g+ 1). Tt is straightforward to verify that
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(i) 3¢ p#3 g=2 (mod3)
(|HS|, G:HS)=< (i) ¢q p#3 g=1 (mod3)
(i1fi) g p=3

Consider a central extension HS of HS by a cyclic group A of prime order 7,
r#£p. S =SL(2, q) is generated by its p-elements, and 7} m(S) [13]. So, the in-
duced extension ?of S splits. Now, § = §  <IHS, where S is the characteristic
subgroup of S <A generated by the p-elements of S S - S x A. Since HS/S
is cyclic, A £ (H3)'. Thus, m (HS) = 1, for all 7 £ p.

If r£p is a prime, |G :HS|, ry |HS|, then a Sylow r-subgroup R of G is
cyclic. In fact, for such 7, R is a Sylow r-subgroup of SL(3, qz) DG, and R is
contained in a cyclic Singer subgroup [10] of SL(3, 7%). So, m (G) = 1 for such r.

Now assume 7 is a prime, 7| |HS|, 7 # p. If (i) holds and r # 3, or (ii) or (iii)
holds, a Sylow r-subgroup of G is contained in HS. But m (HS)=1 impliesm (G)=1.

We next treat separately the more difficult cases (I): 7=3, p£2, g=2
(mod 3); and (II): 7 = p. Note that in case (I), Z(G) has order 3.

(D) ¥ T is a Sylow 3-subgroup of HS, T=T,; xT,, T, =T, = Z3m, 3™ =
(9 + 1)3. T has index 3 in P, a Sylow 3-subgroup of G, because (i) applies. So,
|P|=32"*!, and Z(G)=Q(T,), T,CH, T ,CS.

Let x € Ng(T,) where x inverts T,. Then x centralizes T, and |x| =4 if ¢
is odd, |x| = 2 if g is even. Since 1 £ Z(G) C P, P is nonabelian, by (2).

We now look at the subgroup N = NG(T)’ which contains a Sylow 3-subgroup
of G. The normal subgroup N, of N, consisting of elements which induce automor-
phisms of determinant 1 on the vector space T/®(T), has index 2 in N, since
x € N\No. By the Frattini argument, a Sylow 3-subgroup P of G is normalized by

x, € xN,. Replacing x, by an odd power of x,, We may assume x  is a 2-element,

1

acting w1th eigenvalues {l — 1} on T/®(T). xl also acts on P/T =~ Z Since X,

permutes an odd number of pairs {u, 1} =Ty U Ty~ , y € P\T we may assume

*1 -1 X1
y " equals y or y~ . We assume y

=y and derive a contradiction. Set T =
VixV, V = [T, xl], V,=Cplx,) V, 2V, are cyclic, generated by v,

respectively. Since x, and y commute, y normalizes V, and V,. As yde T,

2’

abelian, y effects automorphisms of orders 1 or 3 on Viyand V,. So, [Vi’ ylcC
Qv i=1,2. If (V,, y) were cyclic, then Z(G) = 2,(V,) is not contained in
P'. By a transfer lemma (2), Z(G) ¢ G', a contradiction to G having no nontrivial
factor group. So, the noncyclic group <V2, y) contains an elementary abelian sub-
group E of order 32. Since Q (V) CZ(P), (Q 1V ), E) is elementary abelian sub-
gtoup E of order 32, an 1mposs1b1hty in G C SL(3 q%). Thus, y 1 ¥~ I, and
y € V

Let G be an extension of G by (o) = A == Z R denotes the induced extension

of R C G, and g belongs to the coset g € G- G/A To show G splits, it suffices
to show P splits.
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First, we show A ¢ T'. Fae '7\:', afl = [171, 172]'.\' But, modulo 4, x, inverts

vy centralizes vy and so inverts a, contrary to a € Z(G). Next, if (C) Z(G) =
Q,(T,), we show C3 =1. Since (C)C P’ and T is abelian, ¢ =1, y), some t € T.
As G is perfect, C is central in G So, if COL‘ [, 1, b111neat1ty of the commuta-
tor and y’ e T abehan, imply (é'OL’)3 =™ 731=1and 43 = 1. This means T
splits over A: T = Tox A, Tis ¥ ~invariant and Ty =V, x V,, V 01= [Ty,
1= <”01) Vo, = CTO(J?’ ) = (vy,). Consider the action of (x,, y)on T = T/0(T)
(note ®(T) = &(T o)) Denoting 1mages of T— T by ~, we have T =(¥ 01) x
(v 02) x (@), and the factors are % l-mvanant Replacmg, 1f necessary, y by a
power of ly, ¥ ] 6 y~ =2 we may assume. y >~ =y~ , then y € VOI Ify y acts triv-
ially on T, then P splits, i.e., (T, 9) is a complement to (a) in P i y acts non-
trivially, we get a splitting as above, provided we show @ ¢ [T,y]. If @ € [T, y],
then 0= [Jf)li{)z, yl= [2701,;7]" @5, Y. Conjugating both sides by %', the effect
of % on the various elements forces [1702,;]" =1. If i#0 (mod3), then in P,
v, ylco(1)=0 YT). Consequently, Q,v), yl=1 and [Q,(7), y]= 1. Now,
we claim, (y) is a proper subgroup of V. If (y3) = Vs [V, y]=1. Since y is
nontrivial on T/®(T), this forces [”2’ yl = vf (mod ®(T)), & # 0 (mod3). Hence
[QI(VZ), yl = Q,(V)) # 1, absurd, as Q,(V,) = Z(G). By this claim, we may choose
w € (v;) with w? = y>. Then (yuw™')’ = 1 since [w, y] € Q,(V,) = Z(G). So,
(yw'l Q (T)) is elementary abelian of order 33, contradiction. Therefore, i = 0
(mod 3), 1mplymg a ¢ [T,y). This proves my(G) = 1.

(II) Let G bea ,c\e?}ral extension of G by a p-group A. Denote by b the induced
extension of Q, by A(X) a representative in G for h(A) € G. Assume A C Q'. To
show mp(G) =1, we show h(A), for A a generator of KX, has no eigenvalue 1 on the
Lie algebra L(Q)associated with Q (unless G = SU(3, 2) in which case mZ(G) =1
as Q = Q. the quaternion group). We will then be done by a transfer lemma (2).

L(Q)=L1®L2: 1‘Q/Q: L2=Q';
L@) = ’I\:l & ’Ez & rl\:}, LI -~ as b()&)-gtoups

and/gh\efe first terms generate L('é), L(Q) respectively, as rings. The eigenvalues
for AA) on L, are {)\(Zq"l)al a=1, p, pz,---’ pz"‘l} and those on L,
are {A(‘“”ﬁ|B:l,p,---,p"'li. N
If 1 were to occur as an eigenvalue on L, then 7 = ACa-D@+al) o may
assume @' = 1. The exponent must satisfy (@ + 1)(2¢ —1)= 0 (modg® - 1).
Now, (29 - 1, q2 -1)=(29-1,q9+1)=1o0r 3 Inthe first case, q2-1|a+l
= pi + 1. pi < q2 forces i = 2n — 1 and p2" =1 = p2"=1 4 1; hence ¢ = 2, the
case we eliminated right away. In the second case q2 -1|3(a+1)= 3(pi + 1), or
PP - 1<3p7 43, p27 - 3pT <2, PIPPMTI=3)< 2. I pP""1 -3 <0, then
1<p2m=1< 3, So, p?" P =2 (p?"~*= 3 is out since 3|q +1). Thus g2 = 2p’, or
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i=2n—1. g =1|3(" + 1) implies 2p° = 1|3p* + 1 = 2p* = 1)+ p* + 2, and 2p" -
1< pi + 2, or pi < 3. Hence, [Ji =2 and g = 2, and we are done as before. If
p?™=i_3>0and p' =1, then p>" " =3-1o0r2,and 1 £ p?" " =4o0r5. But 4°=
pipz"'i =4 or 5 forces q = 2, done. If pz"'i ~3>0and pi # 1, then pi = 2 and
pz"’i = 4. But q2 = pipz""i = 8 is absurd. Thus the eigenvalue 1 does not occur
on LZ' -
If 1 were to occur as an eigenvalue on L, we must have 1 = A2a-1oy(a+1)B
or 2g-1)a+(g+1)B=0 mod(g? - 1). We may assume = 1. Then g -1<

(g -1)+ (g + 1)p' = 2 + p')g + (b = 1), where B =p < q. So, q(g - p’ - 2)< p?,
which forces q-pi—ZSO, qui+2,and q=2,3,0t4,i=0,1. g=2 is out,
and 2g -1+ (g + Qpi =0 mod(q2 — 1) cannot be satisfied for ¢ = 3 or 4. So, 1
does not occur on L3.

This proves mp(G) =1, the last step to proving m(G) = 1.

The unitary groups 2An(q), n>5, nodd. X denotes a root system of type
A , n>5, nodd, with Dynkin diagram

23 has type Cpp1r M=2m+ 1, with a set of fundamental roots S, = {rl, rni, §,=

{rys7,_1b="" (short),and S, =1r 1 (long).
(1) [xR(t), xS(u)] =1 R, S long,
(i1) =1 R long, S short,
(ii1) =1 R, S short,
() (iv) = xR+S(etu) R, S R+ S short, € =1,
(v) = xR+S(e(tz'i +tu)) R, S short, R + S long, €= %1,
(vi) = xR+S(etu)xR+zs(7]tuE) R long, S short, e = 11, n =11,

The relations (A). Set YR/A =Xg,all Re 23, We claim that Y is abelian.
If R is long, we may assume R is a root of maximal height, i.e., R ={r  +7, + -+
7). Then Xp = [Xg, XT]Q U' where § = {ry + SRR T I rn},
Tme1> Tma1 * 10t +7 ) Since Xp CZ(U), Yo CZ,(V)NAV'.

So, Y, is abelian. If R is short, we may assume R =S (above). Then Xp =

T={r +c-+

[Xsl’ XQ]’ Q=try+eeetr jr o+eee+r Jand X = Xg,XoXpg is a group
of class 2. So, for Y/A = X, Y has class 2 or 3, and YR c AY'is abelian. By
Fitting’s lemma, Y, = CYR(H) ®[Y,, H], H the Cartan subgroup.

If R is short, or if ¢ > 2 and R is long, H is nontrivial on Xge Define yR(t)
as the unique element of x,(t) N [YR, H]. If R is long and ¢ = 2, choose short



386 R. L. GRIESS, JR.

roots S, T with § + T = R. Define yp(1)= [ys(w), y (1 )], where we choose some
© # 1. Taking R, S, T as in the previous paragraph, X, X C U’ since n > 5.
So, [Yp, Yel=1Yg, Y 1=1.

Define yp(0) = yp(1 )2 =1. In (v), we will see that this is independent of
(we do not need independence until after (v)). Then, by Lemma 1, it is independent
of § and T.

These representatives satisfy (C) and (I).

The relations (B). (i) [yR(t), ys(u)] = [(t, u). We may assume that R is a root
nejerh 1<iSm+ 1.
We may assume that j < m upon conjugating the equation by ng if j=m+ 1.
Then, X¢ = [XQ, Xp1C U', where Q = fr], - ”l}, {';+1 AT
riteeetr, o So, Yp CZy(V), YgC AV', which implies [Y, YS] =1, i.e.,
/E

of maximal height and that § is positive: § = {rj toeeetr

(i) [yR(t), ys(u)] = f(t, u). We may assume R is a root of maximal height and
neje1lfork<mork>m+2;
j<my, j<m—k+1. If k>m+2, by applying n, (which fixes R) to S, where

S positive. S={r’.+---+rk, Tmeksl t oot T

Q=1{r, 4,4+ +r,}, we may assume k < m. Applying bsk()\) to our relation
gives [(t, u) = [(¢, A~1u), A € K. Since / is biadditive and |K| >4, f=1.

(iii) [yR(t), yS(u)] = f(t, u). Clearly, [ is biadditive. We may assume R = S
Then S ={r, + AT gt ceetr d jEmal, o, {r].+---+rk, ’n-k+l +
n1+1},3<j<m,k;én—/'+l n—lor—{r+ T T a1ttt

it 3 2<j<m, k£ n—j+1. We treat only the fu'st possibility for S. If
> 2, conjugation by hg (/\) gives [(t, u) = f(t, A%u). Biadditivity and |K| > 4
gives f=1. If j=2, m > 3, conjugation by hg ()t) gives the same conclusion.

ceet T

Assume j=2, m=2, n=5. We have Q + T = S 0=1r, FT T T T T+
Tyt 75}, T=- {72 + 7y Tyt r4}, and [yQ(u), yT(e)] = yg(u)a, a € A, by (iv). Con-
jugating the left side by yp(t), we get [y (@)yq, gt + 1), yp(o)] = [y @),
y (e ), n =11, e= %1, by (v), (ii) and the commutator identities. So, yg(t) com-
mutes with the right side too, hence with y¢(«); thus, f =1 here. The second and
third cases are handled similarly.

(iv) lyg®), ys@) = yp, s(etu)[(t, u). By (iii),  is biadditive. We may assume
R=S,. Then,S=lr, + -+ +1, Tmekal T 070 F roogbor =i + kT,
Tkl v oot rn}. We consider the former case, the latter being similar. As in
(ii), we may assume k < m. We can get f=1if » > 7 upon conjugating the rela-
tion by hy(\) where Q =S, if k> 2, 0or O = Si,1 if k=2. For n=5, conjugation
by hg ()t) gives [(t, u) = [A~ 1z, A\2u). Conjugation by b (y) gives f(t, u) =
[, p= Ly, p € KX, This implies f=1if ¢ > 2. For g = 2 all we can say for now
is that (f(z, u)| t, u € K) is a subgroup of a four-group. The next section treats the case
q=2.

() yg®), yg)l =y (etiw + Tu)) (¢, u). By (ii), f is biadditive. We may
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assume R=Sl’ S = {rl + kT 7, + oo+ rn¥ ot—{r1 + o+ Ty rn—k+1 +
<+« + 7 }; we treat the first case only. Conjugating the relation by bR()t), f@t, u)=
fA%t, M~ 1). Applying hSZ(A), f(t, w) = fA~ 1, Au). So, f(z, u) = f(t, Mu). By
(ii) and (I), if ¢ > 2, [ is biadditive, which gives f=1. Let =2, Q = {rz PN
+ Tn-Z}’ K= {0, 1, W, wz}. Since JCR([)"Q = xS(t)’ xS(u)"Q = xR(u), we have

f(t, u) = f(u, t). Depending on how we defined yp  ¢(1), either f(w, 1) or f@?, 1)
is 1, but the choice need not be specified for this argument. Using (ii) and the

above,

f(1, 1) = [y (1), v =y (@ + w?), 5] =yR+S(1)2/(w, Dflw?, 1)

=yp +S(1)2f(1, w?)? = [)’R(l)’ ys(wz)z] -1

Consequently, [yR(w), v )N = [yR(l + ), ¥ N = [yR(a)z), ys(l)], so flw,1)=
f(w?, 1)=1 also. This clears up the ambiguity in the choice of yr(1), T long.
So, f=1.

i) by (@), ys@)] = YR s(E@W)y g ,s@tu) f(t, u). Using previous relations
and the commutator identities, (¢, «) is biadditive. We may assume S = §; then

R=fry+-eetr dor—dr +.ees 7 1. We treat the first case only. Conjugating
by bsl(h) gives [(t, u) = [()\"IX' L, A2u). Using bsz(u), f(t, u) = f(ppt, u'lu).
Thus, f(t, u) = f(t, Au), and [ =1 as |K| > 4.

The exceptional case ZAS(Z) = PSUG(Z). As shown in the previous section,
the only relations which cannot be lifted to the yp(t) are of type (iv). Hence, A
is generated by all f(¢, u) of this type. Since any triple {R, S, R + S} of this type
is conjugate under the Weyl group (an easy verification), the f(¢, u) for a fixed
R, S generate A. Now, let X be the group generated by Xp, X, Xp ¢, X_p,
X_g» X_p_g+ X maps onto the simple group A2(4) which has the Chevalley com-
mutator relations as those holding among the xp(t), %¢(u),-++ (rewriting xp(t) =
xr(t)x;-(t_) as xR(t—) if necessary) and Z(X) = (b (M) b (A~ ) =~ Z,. Let Y/A=X.
By construction, yR(t), yglu), -+« € Y'; hence A C Y'. Since MZ(X) o~ Z4 X Z4
[8]and f(t, u)? =1, Aisa subgroup of a four-group.

One could prove that A is a four-group by constructing a stable cocycle.
However, in the group M(22) discovered by Fischer [6], the centralizer of a 3-
transposition is a perfect extension of U (2) by Z,. Hence, 2| |A]. In the deter-
mination of mz(M(22)) (see [9)), it is seen that 4| |A], forcing |A|= 4=m2(2A5(2)).
An alternative proof is to note that the diagonal outer automorphism d of order 3
on ZAS(Z) induces a diagonal outer automorphism 4 on X. Since the action of d
on cohomology commutes with the restriction map and  acts fixed-point-freely on
M,(X), d acts fixed point freely on the image of the restriction A = H2(2A5(2), ()
—+H2(X, C*). The lasg paragraph implies that the restriction is injective.
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So, |A| =4as 2<|A| <4 and d cannot be fixed point free on a group of order 2.

The unitary groups 2A"(q), n even, n > 4. 2 denotes a root system of type
A , n=2m, with Dynkin diagram

%3 is a root system of type C having as a set of fundamental roots §, = {tl,
r”},- S .= {rm_l, rm+2§ (short) and § = {rm, Taad? T rm“} (long). The
“‘one-parameter subgroups’’ X are abelian of order ¢° if R is short, nonabelian
of class two of order ¢° if R is long.
We let ' SU(n + 1, q); I/Z(I") = G. T is generated by elements x (1),
x ,(u, v) satisfying the relations below. We let G be a perfect extension of I' b
R ying . y

M p(l") and lift these generators and relations to G.

xR(t)xR(u) = xR(t + u) R short, ¢, u € K,
(4) XR={xR(t, W t,u€K u+rz=ct} Rlong,R=tir,7 r+7}
€=Nrr—=i1,

[xR(t, u), xR(v, w)l = xR(O, (v - ),

xR(t, u) xp (v, W)=xplt+v, u+w- €tv).

(i) [xR(l)’ xS(u)] =1 R, S short,
(ii) = xR+S(etu) R, S, R + S short,
_ € = il,
(iii) =x R+S(o, e(tw - tu)) R, S short,
R + S long,
(B) e=1%1,
(v)  [xp(e, ), 2o, w)l = x " (R+S)(etv) R, S long,
Y (R + S) short,
€ =11,
(v) [xR(t. ), xs(v)] =1 R long, S short,
(vi) =xp +s(617v)xR+zs(1]tv. Suvv) R, R + 25 long,
S, R + S short,
e=1t1, n=1%1,
& ==1.

The relations (A). Let YR/A = XR‘ For R short, we claim YR is abelian.

We may assume R={r1+°--+rm+l,rm+---+rn}. Then [XQ’XS]=XR by
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(iv), where O = {rl SRR Sl AT T ket rn}, S = Sm. Since ele-

+
m+1
ments of Y, commute with YQ, Yo modulo A, YR commutes with [YQ, Ys]; hence
Yp is abelian. Since bR(/\) acts nontrivially on X, it also does on Y. So, we

define yR(t) as the unique element of xR(t) N [YR, H).

Regarding the choice of yp(t) for R long, we know that (X, X _p) is isomorphic to
SU(3, q). By our earlier results, M p(SU(3, g)=1. For g > 2, SU(3, q) is perfect; hence
(Yp, Y_g) =4 x (Y, Y_p)',and {Yp, Y_p)'a(Xp, X_g). For q=2,

SU(3, 2)/03(SU(3, 2)) = Qg, the quaternion group. So, for Y = (YR, Y_R), Y/Y'
is an abelian group of order 4|A|. Assume R=5_. Taking S=5__, we have
E.XR.’_ bs(/\)] = Xp for (A)= K*. Then by Fitting’s lemma, Y/Y'=[Y/Y’', H] x

A (A=AY'/Y"). Thus, forallg, Y= Y, x A and Y is H-invariant. Define
yg(t, u) as the unique element of xp(t,u) NY,.

These yp(t) and yp (¢, ) satisfy (C) and 0.

The relations (B). (i) [yR(t) yS(u)] = f(t, u). This occurs for n > 6 only.
We may assume R =5,. Then S= fr T T T rnf, 2< j £ m,
or '_F{r’.+ R S R +rn_].+1§, 2<j<n-k+1, k#m. Suppose the
first case holds. Conjugating the relation by hg l()\) gives [(t, u) = f(¢, \™ ).

i+

Since [ is biadditive and |K| >4, f =1 follows. The other cases are handled

similarly.

(u) [yR(t) yS(u)] yR+S(ctu)/(t, u). This occurs for n > 6 only. We may
assumeR §,; then S—{r + - "o Tmeke1 t },m;ék;én or
- {r N e+ }, j # m. We treat the flrst case only. If k=2,

j? Tn= ]+l
conjugating the relation by hg ()\) gives (¢, u) = f(t, A~lu). I k=2, conjugating

by bs3()\) gives [(t, u) = [(t, /\" ). By (i), [ is biadditive and so /=1 as |K|>4.

(v) [yR(t, u), yS(v)] = [(t, u; v). We may assume R is a root of maximal
height {7  +«-- 47 7 .+ c+r, 7+ +7 L Then S={r].+---+rk,
Tkel T -+rn_].+1}, j<n-k+1l, k<m, or —{rj+--°+rk,rn_k+1+-
}, k<m,j>1, j<n-k+1. We treat the first case only. If k> 1,

cor:l]ujg;tlmg by hg (A) gives f(t, u; v) = [(t, u; A%v). Since [ is additive in v,
f=1as |K|>4. If j=k=1,a similar argument works with 5 2()&) if m> 3.
Assume j=k=1, m=2. Fora fixed v, { is a homomorphism of (yp(t, w)| all
t, u) into A, abelian. So, [ depends on ¢ only, and is additive in t. Write
f(t, u; v) = glt, v). Con)ugatmg the relation by hg ()\) hg (u) we get g(t, v) =
g, A v),=g(;1# typn” 1)). Taking p = A2, g, v)— g()\a)& 2t,v). Forall g,
there is a A € K with )\3)\'2 £ 1, which gives g = 1 with biadditivity.

(iv) lyg@, w), ys@, w)l = = Yy(R+ S)(etu)/(t u; v, w). We may take R =
ek T, Tt -+ L Then,S——{r R AT AR
}, 1<j. Using (v), fis a b1mult1pl1cat1ve map

frp+eeesr, m+1+

<+ T.t et

n-j+1? 'j n—-j+2
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YpxYe — AL So, [Y;2 , YS] =1= [YR , YS'], and [ is a function g(t, v) of ¢, v
only, and g is biadditive. If j < m, conjugation by bsj()&) gives g(t, u) = g(t, Au);
as |K| >4, g=1. If j=m, conjugation by bsm_l()\) gives the same result if
m > 2. Assume m =2, j=2. Conjugation by hg ()\) gives g(t, u) = g(\t, A~ 1w),
and, by hg (/\), gty w) = gAA~ 1, A2A=1u), So g(t u) = gW3>A=21, u). Since
there is a )\ € K with \3A=2 £ 1, g =1 by biadditivity.

(vi) [yR(t, u), ys(v)] = yR+S(€””)yR+2S(77tU’ Ouvv ) f(t, u; v). We may assume

={rl+---+rm,r Heetr, r1+-~+rn¥. Then S=—{r1+~--+r].,

m+1

r .. +rni, j < m. We must take into account fR+S s of type (iii) which is
,

o+
n-j+1
not yet proven to be trivial. Expanding [yg(t, #), ys(v, + v,)l and

R, + 1y ) +uy = yT 1), ys@ =yt u))ypt,, u)), ys@)]

using the commutator identities and previous relations, we get

(@) ¢, u; v, + v2)= f(t,f; vz)/(t, u; Ul)fR+S,S(””1’ vz),

(b) /(t1 il uptu, =yt v) = /(11, ug; v)f(tz, uy; v).
From (b) we see that { is a homomorphism in the first argument, hence f(t, u; v) =
g(t, v), a function independent of u, additive in ¢t. Conjugating by bR()&), bs(u)
gives g(t, v) = g()\z)T“lt, Ay, = g(y'1
g(t, u) = g(3F~2t, u). There is a p € K with p>i~2 £ 1, so additivity in the first

argument implies g =1. So, f=1 in (vi). Since ¢, v,, v, vary independently

t, p?v), respectively. Taking A = u,

over K, (a) gives fp ¢ 5= 1 in type (iii).

(iii) [yR(t) ys(u)] = Y450, et - 1 W) f(t, u), /— L.

This finishes the calculations. In the extension G V=V,xA, where V,
(Yr®), yslu, V)| R, S € st u,veK) is 1somorph1c to U, the Sylow p-subgroup
of G, via yp() P xp( ). Since V splits over A, G does by Gaschiitz’s theorem.
Hence mp(G) =1.

The unitary groups A 3(q). 2 has type A3 with Dynkin diagram

and 23 has type C, with fundamental roots S, = trisr,band S, =17l A set of
positive roots is §,, 3, A} S + S ZS + S We carry over notation, etc. from the
case 2A (q) n>5. The relanons of type (B) which occur here are (i), (ii), (v),
(vi) only. We deal with ¢ > 2 only, because A = U,(2)=xPSp(4, 3) = B,(3)
(0], m,,(8,60=1, mz,(2A3(2))= 1 and|Z(Sp(4, 3))| = 2 implies m_(? A,(2)) =2
The relations (A). For YR/A = Xp, Yg is abelian for R long and the yr(®)
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are chosen as before. Suppose R =S, short and Y, nonabelian. As

bR()\) 2 . X
xp(t) = xp(A%t), the eigenvalues for hR()\) ((A) = K*) on the vector space
YR/A Y;, are \2P , k=0,1,-++, 2n — 1. Looking at the Lie algebra associated
i
with the p-group Y, YI'(, is elementary abelian with eigenvalues among AZP )\2”] =

Az(pl”pj). Since Y"2 C A, central, 2pi + ij =0 (mod q2 - 1). We may assume

i = 0 upon multiplying this equation by p~%. So, g% =1 = p2" — 1 divides 2(1 + p').
I g2 = 1<2(L+p7), 3>p2 = pT = p2" I/ ~1). I p'=1, g>=1<2 - 2 forces
q = 2, the case we excluded. If p’ > 1, then p?"~7 =2 = p,s0 g=2 again.
Thus, g2 = 1= 2(1 + p’) and 3 = p/(p2"~7 - 2). Easily, the only possibility is

g =3. So, for q £ 3, Y is abelian and the y,(¢) are chosen as before.

bn(X)
Now take ¢ = 3. Since xp(t) R™T72 xR()\zt), bR()\) inverts the cyclic group

(xR(t)), where A2 =— 1. Choose yR(t) as the unique element of xR(t) N [YR(t),
bR()\)], where Y, (1)/A = (£ (). These choices satisfy yr(mt) =y ()™, man
integer. Define the factor set dj by yR(l)yR(u) =yplt+ u)dR(t, u).

These representatives y,(t) satisfy (C) and, if ¢4 >3 or R long, (I) as well.

The relations (B). (i) [yR(t), ys(u)] = f(t, u). Assume R = SZ’ S = ZSI + Sz‘
Conjugating by bSI(/\), ft, u)= fO~ A", A du), A € KX, and by bsz(u), fit, w)=
f(w?t, u), p € K5. ¥ q > 3, biadditivity implies /= 1. The case q = 3 is handled
in (v).

(i1) [yR(t), yS(u)] = f(t, u). We may take R = 251 + SZ’ S = S, + SZ' Conju-
gating by bsz()\), f@t, u) = f(t, Au), A € K,. Biadditivity and ¢ > 2 imply /= 1.

(iv) [y @), y @) = Vsl + t u))f(t, u). Using (ii), f is biadditive.
Assume R=5,, §=5 + Sz. Conjugating by bsl()\), f@t, u) = /()\21, )\A'lu), and
applying by (W), ft, u)= fw='t, pu), pe K. Taking A= p, f(t, u) = [(u’t, u).
If >3, f=1 follows. If g =3, [(t, u) = A1, \"%u), for A € KX, is the best
we can do.

@) by®), y,@)]= YR, s€tyg o stuid) f(t, u). Assume R=S5,, $=S5,.
We must take into account g(v, w) = fR+S,S(”’ w) of type (iv) and h(v, w) =
fr 4 25,r®s @) of type (i). Expanding [yR(t1 +1)), )’S(u)] and [yR(t), yolu, + uz)]
as usual, we get

@) f(t, uy + u2)= /G, ul)/(t, uz)g(etulluz)dk+s(etul, etuz),

®) f@t, +1t,, w)=fC,, u)/(tz, u)b(nt uu, tZ)dR+S(et1u, etzu).
Conjugating the relation by by (W) gives f(t, ) = (¢, pu), pe K5, It g>3, f
is biadditive; taking p £ 1 gives [ = 1.

Now let g = 3. Recall that dR+S(U’ tv) = 1. Taking u = tu, in (a), we get
(©) f(t, = w) = f¢, w)* gletu, w),
d) 1 =@, )/, — uw)gletu, - u).

2
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Thus, /(t, )’ = 1. Since f(t, u) = f(t, - u), [(t, )" = g(etu, u). Taking t=t,
in (b), we get

©) f(=t, w) = ft, WPfp 55 s(tut, b).

Hence, 1 = f(= t, )™ f(t, u)’fg , 5 stuE, 1) = g(~ €tu, u)gletu, u) -
/R+zs,s(77t’“7» t)= /R+ZS,S(7’ tui, t), giving triviality in type (i). Since f(t, u) €
(glv, w)| v, w € K)= B CA, for all ¢, u, (a) or (b) gives dR+S(t’ u) € B for all

t, u. Hence the g(v, w) generate B = A.

Going back to (iv), set Y. =(y, ()| ¢t € K)for T=R, S (the short roots in
that case). Since g is a biadditive map (YR/Y"Q) X (YR/Y"Q) — A, A has at most
four generators and A has exponent 3. We can bound |A| further as follows. The
function g satisfies g(t, u) = g(A\%t, A= %u), A € KX. All these relations are a con-
sequence of the relations in which A is a fixed primitive eighth root of unity in
K*, as simple calculations verify. Since the relation is biadditive, it suffices to
require it for ¢, u taking values on a basis E for K over the prime field. If we

take E = {1, A%}, then we get the relations

M) g1, D=3 A2,  3) g1, 1) =g, A7),

@) g1, %) =g\, 1), 4) g%, A2) = g4, 1).

But (1) and (4) are equivalent, as are (2) and (3). Hence, we have only two inde-
pendent relations. Thus, A has at most 4 — 2 = 2 generators. So, Al < 9.

At this point, we quote the results of [11], in which Lindsey constructs pro-
jective representations of U,(3), whichimply that a perfect extension of U,(3) by
Z; x Z, exists. We conclude m3(2A3(3)) = |A| = 9. Note that the preimage in G
of Xp, R short, is the direct product of a cyclic group of order 3 with a nonabelian
group of order 27, exponent 3.

These arguments determine Mp(2A3(q)) for all q.

The second orthogonal groups 2D"(q), n > 4. X denotes a root system of

type D -with Dynkin diagram

3 is a root system of type B _,. S, = tr by, s, 5= tr__,} is a set of long

roots, S, = {r v r"} a short root, all forming a set of fundamental roots for 2y,
n-~ n-
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1) [xR(t), xs(u)] =1 R, S long,

(ii) = xR+S(6tu) R, S, R+ S long, e=1%1, .
(B) (iii) = xp , glelti + 1)) R, S short, R +S long,

(iv) =1 R long, § short,

(v) = xR+S(etu)xR +2$(7]t5¢) R long, S short,

R + S short, R + 2§ long,
€=i1, T]:il.

The relations (A). If R is long, by transitivity of the Weyl group on roots of
23 of the same length, we may assume R = {ry +7,}. By (iD), Xp = [XRI’ XRZ]’
and by (i) [Xp, le]= [xR, XRz] =1. So, if we let Y/A = (le, XRz)’ then the
class of Y is 2 or 3. Setting Yp/A = Xp, we get [Y,, Y 1C[A Y',AY']l=1,
i.e., Yp is abelian. If g > 2, then it is easily verified that H acts nontrivially
on Xp,and on Y,. We define yR(t) as the unique element of xR(t) a) [YR, H]
(use Fitting’s lemma). In the case g= 2, define yp(1)= [le(l), sz(l)]. In
fact, we have yp(1) = [ys(1), y(1 )] for any pair S, T of long roots with S + T=R
because the Weyl group of %3 is transitive on such pairs, by Lemma 2. These
representatives satisfy (C) and, if ¢ > 2, (I) also. Since the angle between R, §
and R, T must be 60°, we will have (I) for g = 2 if we define yR(O) =1, once we
prove =1 in (i).

For short roots R, we put off specifying yp(t) € xp(2). ‘Choose an arbitrary
YR(t) € x5 (2), all short R, ¢ € K.

The relations (B). (i) [yR(t), yS(u)] = [(t, u) is biadditive. We may assume
R=S thenS=tlr,+ - h—{r,+ -}, i23, lry4r 4o =lry+ec 0
- {r[ +2r) 4o }. In the first, second, and fifth case, R and S are orthogonal.
In the third and fourth cases, R and § form a 60° angle.

We treat the third case, the fourth being similar. Conjugating our relation by
a succession of 75, where WQ leaves R invariant, we may assume § = {rl + ’2}'
Choose v € K with v + 7 = ¢. Then yg(t) - a = [y,(e), y @) (ype (iii)), where
a€A, Q=lrj+eeetr 4 riteeetr, o T=—lry4eeetr o+
A A A rn}. Since [YS’ YQ], [YS, YT]E A, (type (iv)) y4(u) com-
mutes with [YQ, YT], hence with y,(¢). So, f=1 here, and (I) holds for the
yg(), R long, as promised.

Proving f(¢, ) =1 when R and § are orthogonal is deferred to part (v).

(ii) [yR(t), ys(u)] = yR+S(€tu)/(t, u). We may assume R + § = {rl + 2r2 + oo
+ 2r”_2 tr 1t rn}, a root of maximal height. Then R = {rl 4o 4 r].}, S =
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{r, R . B R AU L PR }, 2<j<m-2, by switching R
and § if necessary. If j > 2, conjugation by bsz()\) gives f(t, u) = f(t, Au). Since
R, R+ Sand S, R + S form 60° angles, the discussion in (i) implies f is biadditive.
If ¢g>2, f=1 follows. If j= 2, conjugating by }"Sz()‘) gives f(t, u) = f(At, u)
and f=1ifg¢>2. If g=2,f=1 by definition.

(iv) [yR(t), y;(u)] = f(t, u). We may assume R = {rl + 2y et 2r o+
o1+ rn}, a root of maximal height. Then S = frl. Foeee T AT it

rn_2+r"},-—{rj+--°+rn_2+r r].+---+rn_2+rn}, j#2, o0r tS _,- Say

n-1?
S £ iSn_l:_ Then conjugation by bsn_l()\) gives [(t, u) = f(t, AA~1y). Since K
has a A #A, f =1 by biadditivity. The same procedure for § = t§ 1 gives
f(t, u) = f(t, A2 u), hence =1 as |K| > 4.

(iii) [y;(t), y;(u N = YR (el + t_u))/'(t, u). We may assume R=S __.;

then S=t{r +---+7 ro4eeetr 41}, i<n—2. We assume S

positive, the negative Zasze be':ngl similar. Usingzprevious relations and the com-
mutator identities, f(t, #) is biadditive. Conjugating by hp(A), we get [(¢, ) =
f()\zt, A"l I i<n- 2, conjugation by by (/L) gives f(t, u) = f(¢, pu); if
i = n - 2, conjugation by hp (;L) gives f(t, u) ft, p~tu), pe Ky I g>2,
choose p# 1 to get f = 1. I 2 =2, A=1 o), so f(t, ) = [A2, A2u), all A € K.
We defer the case g = 2 until case (v). Note however that f(¢, u) = f(u, t) follows
from conjugating the arguments by =g, Q= {r R _2¥. This depends, of
course, on choosmg a notation for xR(t) =%, (t)x (t ) and x¢(x) in such a way
that x R(t) "o = xS(t) (see Preparation for the Proof)

@) byp®), ys@) = yg  letw)yy  ,pu@)fp s, ).
We may assume R =SI,S={1'2 R SUIPE S JUEPRE NE LTI SISO o P
S=—lry+eeetr 41, 1 +eotr o +7 ) Wetreat only the case §
positive. Recall that for q = 2, certain fQ T(vl, v ) are not yet proven to be
trivial (types (i), (iii)). Expanding the right side of by, + 1)), ys(”)] =
yr)ye(,), yS(u)] by the commutator identity, we get

yh ety + )0 (g + g, )

* _
(a) - )’;»,s(“’ u)wa(ctzu)fR’S(tl, u)/R,S(lZ' ”)/R+2S,R(7’tluu’ ty)

Similarly, expanding [yp (), }’;(ul + uz)] gives

*
Yrastetluy + u)p (b uy +uy)

(b) = )’:(24,5(“”2)7:‘2+s(€t”1)/R,s(t' uz)/R,s(t’ ul)/R +$,S(‘“‘2’ ”1)'
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Take 0#u, #u,#0in K. Reversing u and u, in (b) gives

* *
)’R+s(“”2)yR+s(‘“‘1)fk,s(t’ ”2)/R,s(t’ ”1)/R+S,S(“”2' u,)

* *
=yR+S(€tul)yR+$(“”2)/R,s(t’ ul)/R,S(t’ “2)/R+s,s(‘”‘1' uz).

Take ¢t = e. Since the [’s are central and fR+S s(”z’ u,)= /R s S(ul, u,) (see
remark at the end of (iii)), cancellation shows that )’R+s(u ) and yR S(u ) com-
mute, i.e., Yp ¢ is abelian. So, as usual, we can define yQ(t) as the unique
element of x (t) N [Y H], for Q short. These yQ(t) satisfy (C) and (I).

Replacmg the yR+s( ) by the y, () in (a) and (b) gives

©) fp,slty +ty u)=1p sty ”)fR,s(tz’ gy 25,R 044, 1),

@) /R’S(t, up+uy)= /R,s(t’ uz)/R’S(t, u ) g, s, s(etuy, u))
Conjugating by bR+2$()‘) gives /R,S(t’ u)=[p ,S(t’ Au), A € K. Now for g > 2,
/R+2$,R =1, /R+S,S =1, and /R,S is biadditive; so /R,S =1.

Now, let 4 =2. Then e=7n=1, t=0o0r 1. Conjugating the original relation
by hsQ\) shows fp o(1, 1) = [p (1, u), all 1, u € K. Choosing 0# u, #u, #0
from K d) gives fR s, u)= fR+S sy, uy), all u € KX, Since fRy4s,s is bi-
additive, fp S(l u)? = 1. Taking ty=t,=u=1in(c), we get /R+2S R(I 1)=1.
Thus f=1 in type (i). Now, conjugating the original relation by Vs, _ l(1/) we get

[yR(t), )’g(“))’S l+s(uff + uv)]

= )’R+s(“‘)>'sn_1+R +S(tu17 + tiv)/R+S,S"_ l(tu, U))’R+Zs(’u17)/R,S(t' u).

Expanding the left side, we get yp +Sn-1+5(tu; + tu) [y o (@), ys(u)], using pre-
vious information. Comparison yields fp . s, (tu v)=1,all t€ K, u,v €K

Hence /— 1 in type (iii). In particular, fp ¢ ¢ = 1 Using (b), fp, S(l u) =
Ir S(l u)?, u £ 0, therefore, frs=1-

This completes the proof that mp(I‘) =1.

The groups 3Dé(q). 2 denotes a root system of type D, with Dynkin diagram

33 is a root system of type G, with a set of fundamental roots S, = lr, 75,7}
(short), S, =1ir,} (long).
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35, +25,
S, 35,1+5,
_351—52 “52
- 35,25,
.. 3ot .
The set of positive roots 2 is
\ ={rl, 73 74}, 251+52={r2+r3+rd, T Ty + T rl+r2+r3},
52={7‘2}’ 351+52={rl+72+r3+r4},

S48, =l +rpry+ T3 Ty +74d 38, 428, =r 4+ 27y + ry 41k
In our notation for x(t) = xs(t)x;(t_)x;-(t_), S short, s will be the first root in
S=1{s,5,s} as listed above. Then xs(t)nR = xw(R)(i’t)-

(i) [xR(t), xg()] =1 R, S long at a 60° angle,

(i1) =1 R, long, S short at a 30°

or 90° angle,

(ii1) = xR+s(c(tu +TZ+12) R, S short, R + S long,
R, S at a 60°angle, € =11,
(iv) = xR+S(etu) R, S, R+ S long,
R, S at a 120°angle, € =11,
(B) = =
(v) =xp oletu + tulx,p ety +TTu+ 1))
cxg 25 OUTE + Tu + 1uid))
R, S short at a 120° angle,
e=tl, n=1t1, &= tl,
(vi) = xg ety nitn)ey p (Bt txyp o (@ytit®)

R short, S long at a 150° angle,
=4, p=4, 8= 4,y 4,
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The relations (A). Let V/A = U and YR/A = Xp. If R is long, assume R =
35, +25; then X = Z(U). Hence Y, CZ (V)and [Y,, Y 1ClY,, AV I=1;
so Y, is abelian. The same argument shows [YR, YS] =1, where § is a short
root adjacent to R. If S (short) and R (long) are orthogonal, then [(XR’ X-R>’
(XS’ X_S)] =1 by (ii). But since <XS’ X-S)= SL(2, q3), it is perfect. Thus,
[<YR' Y_R), (YS’ Y_S)] = 1. Choose temporary representatives yg(t) € xQ(t),
0 €33, By (v),

[yZ(t), y;(u)] = yZ+T(v)y;Q+T(v')yzﬂT(v”)a, a €A.

The above implies that & T(v ") commutes with Y.0.1 Yo, 27 Conjugating
the left side by yQ T(v "), we get [yQ(t)yzQ rt ), yT(u)yQ o )] which
equals [yQ(t), yT(u)] by the commutator identities and above remarks. Hence,
yZ+T(U ") commutes with the right-hand side, i.e., Yo is abelian for § short.

If R is short, or ¢ > 2 and R is long, the Cartan subgroup acts nontrivially
on Yp. Define y, () as the unique element of xR(t) N [YR, H]. These repre-
sentatives satisfy (C) and (I). If R is long and ¢ = 2, choose ’;S(Z) € x¢(t), all
long S, and define y,(0)=1and y,(1)= [?S(l)’ ‘}\"T(l )], where S, T are long roots
with sum R. The only ambiguity is the order in which S, T occur. By above re-

marks, 'r\z'Q €ng € XQ, X _, commutes with Y, where Q is a short root orthogonal

to R; so yp(1) = yR(l) Q_ [yT(l), ys(l)], proving yp(1) is well defined. This
argument also shows yp(0) = y,(1 ) =1, Hence, all these representatives satisfy
(C) and ().

The relations (B). We have already demonstrated that (i) and (ii) hold for
the yp(2).

Gii) [yp(), ys@) = yg, sCeCtu+ 77 + LN, u).

By (i), f is biadditive. Con]ugatmg by b ()\), where Q is a long root orthog-
onal to §, we calculate f(t, u) = /()\ t, u). If g > 2, this gives [ = 1. 'The case
q = 2 is treated in (vi).

() lyp®), ys@)] = yp  (ew)fC, u).

By (i), f is biadditive. _Conjugating by 5 ()t), where Q is short and orthogonal
to R, we get [(t, u) = f(t, OA M)}la). So, [ = 1 ifg>2. If g=2,f=1 by defini-
tion of yp (1)

(v) [yR(t), ys(u)] = yR+S(U1)y2R+S(U2)yR+2S(U3)f(t’ u), where Vs Uy Uy
are as stated before. We must take into account the /R+S,S and /R+S,R of type
(iii) when g = 2 here. Expanding

by, 75ty + 1) = by, 3 Ny 0, ygta )12
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and [y, (e; + 1), ys@)] similarly, we get

@) f@t, uy +u,)) = [, u)) G2, ul)/R+S’S(6(771 + ;:-le), u,),

) () + 1y, u) = [ty, Wf(ty, W), g g€ 4 + 1 ,7), 1))
Let Q be a long root orthogonal to R. Then conjugation by bQ()t) gives f(t, u) =
f@t, Au). If g > 2, this with biadditivity of / gives f = 1. For g = 2, let T be the
long root R - S. Conjugation by 7. gives f(t, u) = f(u, t), a fact used in (vi)
where this case is settled.

(vi) [yR(t), ys(u)] =¥yp +S(etu)y2R +S(r]t_t_u) y3R+S(3t77u)y3R+2$(2ytt—;u2)/(t, u).
Expanding [yR(t), yglu, + u._,)], we get, by previous relations,

() f(t, uy +uy)=f(t, u))f(t, u)).
Let Q be a long root orthogonal to R. Then, conjugating by bQ()\), f@t, u) =
f(t, )\ilu). If g>2,(c)implies f=1. Let g =2. Taking u, = u, = 1, we get
f(t, 1) = 1. Conjugating by hpA), we get f(t, 1) = [(t', 1) forall ¢, t" € KX,
Now, taking the [’s of type (iii) and (v) into account, expanding [yR(tl +1)),
ys(u)] gives

@ f@t) + 15, w) = f(t), ) [y, g, 5 (% 1)/ r s R 18 1)) *
/2R+S,R+S(tlt 1% tZu).

Now, the last two factors are equal for = 0, 1, so we cancel them, using
(iii). Taking 0# t) # t, £0, [(t, u) = /R+S,R(t1”’ t)),all te KX. Given t and
v, choose v,, v, #£0,twithv = v, +v,. Then

fRys R ) =M s R v g 5 R v)) = (1, 1) = 1.

So, the [’s of type (v) are identically 1. Now (d) implies, for t # 1, f(¢, 1) =
[, Dt =1,1)=f(1, D* = 1. So, (=1 in(vi) Let g(t, u)=fp s g, st &)
type (iii). Conjugating both sides of (vi) by y2R+S(U)’ we get

VZR S(U) - =_
JeRe 2 r@ysg st + 15 + 19), y )]

[yR(t), yS(u)
= [y (), yS(u)]y3R+zs(u(tv v 15+ 1))

g sty g, sttaly, it} 2R+

=Yr +S(tu)y3R +2$(u(tv +10+ 1D Ngltz, v).

Comparing sides, g(tu, v) =1, for all ¢, u, v, finishing off (iii).
The proof of ”’p(G) =1 is complete.

The groups 2E(’(q). 2 denotes a root system of type E, with Dynkin diagram
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& ) O ) 40
’ £3 Ty Ts

<
[«)}

.. . 6 . .
If a positive root s is expressed Zl. -1%;7» then we shall sometimes write

a a3a4a5

46
%S is a root system of type F . S =1r;,r}, S, =lr,,7.} are short roots and
S, = {r 1 S, = {r } are long roots formmg a set of fundamental roots for 23, We
list the posmve roots of 23:
10000, 00001 11110, 01111
Short roots: Sl'{ }, 51+252+53={ 0 0 }
01000, 00010 11110, 01111
{ Sl+2S2+Ss+S4={ 1, ] }

01100, 00110
SZ+SS+S4={ 1, ]

00, 00110} S, +25,+ 253 48, = {11210, 01211}

{11 00, 00011

1, 1
00111 12210, 01221

Sl+382+253+54={ 1 )

11100, 00111 12211, 11221

1, 1

S+S +S +S

S +S +S ={11
{ 251+352+233+S4={

Long roots: 83 = { , 231 + 252 + SS +S {11 11

012 10}
, 251+252+253+ {11 ll}’

4
7

, 2SZ+2S3+

, 25, + 45, + 25, +5,
X 25 +4S, +3S +S

25,425, + , 25, +45, 435, + 25, {12 21}
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(i) [xR(t), xs(u)] =1 R, S long,
(ii) =1 R, S short,
(iii) = xp,sletw) R, S, R+ S long, €=11,
(B) (iv) =%xp +S(t’tu) R, S, R + S short, € =11,
(v) =1 R long, S short,
(vi) =xp +s(£(t§ + tu)) R, S short, R + S long, € =11,
(vii) = xp,Sletu)xp c2s\mu) R, R+ 2S5 long, S, R +S short,

€=i1, 7]=i’1.

The relations (A). Let YR/A = XR, any R € 25, Choose roots § , T with the
same length as R with S + T = R; S and T form a 120° angle. Also, [x(t), XT(u)]=
xR(etu), and [XR, XS] = [XR’ XT] = 1. Hence, XSXTXR is a group of class 2,
and its preimage Y in G has class < 3. Thus, Y'is abelian, and so is Y, C Ay’
If R is short, H acts nontrivially on X for all g. Using Fitting’s lemma, define
yg(t) to be the unique element of x () N [YR, H]. The same works for R long

unless g = 2. Let ¢ =2. By symmetry under the Weyl group W of 23, we may assume

R =1{'32Y} is a root of maximal height, and that § = {''1'1}, T = {°'2!% Then
Xp CZW), Xg, X CU'. So, Y, CZ V), Y¢, Y CAV'; thus [Yp, Y=

[YR, YT] = 1. Choose any yz(t) € xQ(t), Q long. Define yR(t) = [y;(t), y;.(l)],
t =0, 1. By an easy exercise, W is transitive on pairs §, T with S + T = R. So,
yg(t) is well defined. By the above, yR(t)yR(t') = yR(t +t"). Thus, in all cases,
the y¢(t) satisfy (C) and ().

The relations (B). (i) [yR(t), ys(t)] = f(t, u). If R, S form a 60° angle, f =1
by the previous paragraph. If R, S are orthogonal, we mav assume that
R is a root of maximal height and that § is positive, S £ Sy 54, by using the
Weyl group. As before, Y, C Z,(V), Yo C AV',so f=1.

(ii) [yR(t), ys(u)] = f(t, u). In this case, R and S form a 60° angle. Given R,
W is transitive on such S. So, it is enough to check for one §, e.g., R=5,, S =
§,+S,. Conjugating this relation by bR()\) gives [(t, u) = [A%e, A~lu), A ek
Applying bs(ﬂ), (¢, u) = f(ut, ;tzu), p € K. So, f(/\st, u) = f(t, u). Since [ is bi-
additive, f = 1, as |K| > 4.

(i) [y @), ys) = YR s f(t, u). I =2, {=1 by definition of
yR+S(1 ). Assume ¢ > 2. By (i) and commutator identities, f(¢, ») is biadditive.
Using W, we may assume R = S,, S = §,- Conjugating our relation by bsz(/\) we
get (2, u)= fA" "4, ), all A € K. This, biadditivity and ¢ > 2 give [ =1

as usual.
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(iv) [yR(t), yS(u)] = yR+S(ctu)/(t, u). We may assume R=S5,5 = §,. Using
(ii), f(t, ») is biadditive. Conjugating this relation by bR()\), bs(p.), we get
f(t; w) = [t A" ) = f(u™ e, pPu). So, f(t, u) = f(t, A3u). I q > 2, biadditivity
gives [=1. It turns out that { is not trivial for ¢ = 2, as we shall see later.

(v) [yR(t), yS(u)] = f(t, u). S forms either a 60° or 90° angle with R. We may
assume R is a root of maximal height and that § is positive, § # Sl’ 52. Arguing
as in (i), f = 1.

(vi) [yR(t), yS(u)] = YR, sleCtu + Fu))/(t u). R, S are orthogonal short roots.
By (v), / is biadditive. We may take R=S5,,5 = §,+25,+S,. Conjugating by
bp(), bg (), we gee [, u) = fA2e, A" ), [, u) /orlz Au) So, f(t, u) =
f@, )\Au) If g>2,f=1. In (vii), we show f=1 for g = 2.

(vii) [y, ys@)]= YR, s@)yp  ,s(iuu)((t, u). Expanding byplt, + 1)),
yS(u)] = [yR(tl)yR(tz), ys(u)] and [yR(t), yS(u1 + uz)], we get

@) [, + 1y, u)=[t;, W)f(t), u),

() ft, uy + uy)) = [t, u,)[, ”2)/R+S,S(€m1’ u,).

By symmetry under W, we may assume R =S, S = S Conjugating by b ()\),
we get f(t, u) = f(t, A" u), all A € K. For g > 2 Rys.s =1 (type (vi)), whlch
gives f—l Let q=2. Taking t=1,0#u, ;éu ;éO we get f(1,1)=
fa, 1)° /R s S U, u ) Now, /R 5.8 b1addmve 1mp11es fa, 1? = 1, f(1,1)=
fR+S,S(u1’ u_). Con)ugate the ongmal equation by ySZ+S3+S4(v)‘ On the left,

we get

[)'Ss(t), ysz(u)y2$2+33+54(u1’7 + )] = [ysa(t), y232+33+s4(u17 + 'z?v)][yss(t), ysz(u)]
= y252+233+s4(u17 +§U)[ys3(t), ysz(u)],

and on the righe,

y (tu)y (wv + uv) (tu, v) (tui)f(2, w).
4S5 25,42554S, /s2+s S, 45548, >’232+s3 f

30
Comparing sides, /SZ+S3»SZ+S3+S4(“" v)=1, all ¢, u, v, taking care of type (vi).
f=1 now follows.

This completes the work for ¢ > 2. Our next task is to get more detailed in-
formation about the (B, N)-structure of I" of type 2E ¢(2) and actually construct a
nonsplit extension of I" by Z, x Z,. The above calculauons show that
M (2E ¢(2)) is a subgroup of a four group since A is generated by the /R st %)
of type (iv).

The exceptional case 2E6(2).
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Lemma. Let W* be the subgroup of W consisting of all w € W for which, in the
expression of w as the product of fundamental reflections, the number of reflections
associated with short roots is even. Then |W: W*| = 2 and W* is transitive on

roots of the same length.

Proof. W*is the kernel of the homomorphism W — Z/2Z induced by wp —
2Z, R long, wg — 1 + 2Z, § short. So, |W:W*| = 2. Since the long roots of 3
form a root system of type D, <leR long) is transitive on long roots; hence w*
is. The stabilizer in W of a short root § is W = (wQ| Q orthogonal to §), a Weyl
group of type B, order 24 . 3, index 2° + 3 in W. The stabilizer in W*of S is
Won w* = W: , Which contains some wg» QO short. So, W’; has index 23 - 3 in W*,
and S has 2° - 3 conjugates under W*, which proves transitivity.

We call w € W even if w € W*, odd if w ¢ W*.

Lemma. Let S ={s,5}. Every w e W’S leaves s invariant and every
we€ W\W’; switches s and 5. W = W’; x 1y, where I, is generated by the trans-

formation sending every root orthogonal to S to its negative.

Proof. Suppose wp € Wy, R = {r} long. Then s-c(s,r)r=w/(s)=sors.
Ifs, then r=—-c(s, 7)” 1(5 = s). The Cartan integer c(s, r) = *1 since s #5 and
all roots of 2 have the same length. This forces r to be the sum of two orthogonal

roots, impossible.
Since W contains Wl’ the subgroup leaving s fixed, with index 1 or 2, we

will have W, = Wt if we show w, interchanges s and s for R short (all such w

are conjugate in W). We may assume =S ,R=S5 +25 +S, = {r,7}. Then

10000 _  ooo01 _ 1110 - _ OLlll

r =

S = 0 ’ S = 1 ’ = 0 ’ O ’

and

11111 00001 —
(w0 0)(s) = w, ( : ) _ 000 s,
The last part is an exercise.

Now define xsl(t) = xs(t)x;(;), s as above. By the lemmas, it is well de-
fined to set, for all short roots §, x¢(t) = xsl(t)nw, where w € W¥, w(§,)=S.
Call the unique element of S to which s is conjugate under W* the principal root
of S. If w(R) =S, then x ()™ = xg(t) if w is even, = xp (1)) if w is odd.

In G, we redefine the yr(t) with respect to this new definition of the one-
parameter elements of G. We also redefine the factor set f by [yg @), ys(u)] =
yR+S(t_'u')/R.S(t, u), where R, S are short roots at a 120° angle.
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Lemma. G) /p (¢, «) = [p (At Aa), all A € K¥.
(il) /R S(t u)=/R S(E t_)

(iii) fp s(t u) = f¢ R(u, t).
(iv) fr S(t u) = /w(R)w(S)(te(‘”) ue(w)) ew)=1,2 for w € W even, resp. odd

Proof. Conjugate the commutator relation defining fp ¢ by bp W =5 ()t)b-()\)
to get (i). Setting A = tu in () implies (ii). Since YR 4+s(t tz)t = 1 = f(¢, u)2
by ®, yS(u)] = [ys(u) yR(t)] giving (iii). Part (iv) follows from conjugating the
commutator by 7,, and using v = v: v eK.

We must carefully observe the order of the indices on f R,s* Fix a short root,
say T=25,+35,+25,+S,. Let W, be the stabilizer of T in W. It is easily
checked that W acts as the full symmetric group on the four pairs {R, S} with
R+S8=Tand that I, switches the roots within a pair, and that R is carried to
one root only in any pair under W; . Call S, the primary root of the pair {Sl,

S +35,+25;, + §,} associated with T, and call the root of {R, S} to which §, is
congruent under W} the primary root of {R, S}. Primary roots for pairs associated
with other short roots are obtained by applying elements of W*to the above situation.

We may now write the factor set without indices as follows. If R is the pri-
mary root of {R, S}, write f(t, u) = /R s(t, w). If S is primary apply (iv) of the
lemma to get f(t , Z) = fr S(t u). By above remarks, [ is independent of R + §
or the particular pair {R, §} chosen.

Now, consider the following sets of roots

20=15., 5, S +55 8, +5,, 8, +S,+55, 8, +25,+5,,
W 252+53, 251 +2$2+53},
35 ={-RIR€Z]}, I =37uU3s,
21={51+S2+53+S4'51+252+53+S4' SZ+SS+S4,
Sl+282+283+54, Sl+352+253+S4, 251+352+ZS3+S4,
54,53+S4, 2Sz+33+34, ZSl +2$2+S3+S4,
ZSZ+ZS3+S4, 2Sl+252+283+54, 251+4Sz+253+84,
25‘1+4SZ+353+S4, 251+452+353+254}.

Then °2”, the positive roots of 23, is the disjoint union of 2; and 3 . The
parabolic subgroup P = (H, X | R€ X U I CoXp) Q=25 +45,+35, +
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28, (a root of maximal height) has M = OZ(P) = (XRI R € Zl). A complement to
Min P is X0=(XRI RE€ 20), and a complement to Min U is U ﬁX0=X; =
(XRI RE€ Z;). X, is isomorphic to the group I of type 2AS('Z), or SU(6, 2), as
inspection of the (B, N)-structure will show. Note that M is extra special with
center XQ

We now define an extension of the Borel subgroup B = UH by a four-group
which lies in the derived group of the extension. When we show the cohomology
class of the extension is stable with respect to G, M,(G)=Z, x Z,, will follow
[3, Chapter XIIl.

Let 1 = F — G, — X, — 1 be the covering of X, by a four-group F C G(')ﬁ
Z(G,) described in the section on 2A(2). We wish to make G act via X,on L=MxF
in such a way that LG, with L NG = F has the desired multiplication structure on v,
the induced extension of U. We take F to be the set of all biadditive functions
f(t, u), t, u € K, having the same properties as the factor set f(t, ) described
previously. Specifically, f(t, u) = f(At, Au), A € K*, t, u € K. Easily, these de-
fining relations imply F is a four-group.

We regard G, as generated by elements yR(t) which map onto xR(t) €X,
in the above sequence. In the notation of the section on ZA 5(2), certain f(t, u)
generate F and they are involved in the defining commutator relations.

Let A be the set of all pairs (R, S), where R, S are short and form a 120°
angle. Identify M and F with the subgroups M x 1 and 1 x F of L. Define the

action of G, on L as follows:

0
7S <y all f€F, S €X,, all 1,

205 = 2 (Ole g (0, xR, AR (RS
all Re€X,, S 620, all ¢, u,
e(R, $)=0, (R, S) £ A, e(R, S)=1, (R, §) €A,
a(R) =1 if R is the primary root of (R, S) €A,
a(R) = 2 if S is the primary root of (R, §) € A.

The group of automorphisms generated by the action of the ys(u) clearly
induces X = X,/Z(X,)on L/F = M. We must show that they induce X on M.
To do so, we must show that the automorphisms ys(u) induced by the ys(u)
satisfy the relations of type (A) and (B) which define X . Once this is done,
Z(Xo), of order 3, is seen to act trivially on L, as it is trivial on the 2-groups F
and L/F, by 5.3.2 of [7].

The relations (A) are clearly satisfied. For (B) we must check that the auto-

morphism [xs(u)', xT(v)'] is the product of the automorphisms xQ(t)' *+* coming
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from the usual expression [xS(u), xT(v)] = xQ(t)- -+, of type (B), S, T € 20‘

We note that the definition of the action of yg(#)on x () is invariant under
the application of any w € W to the indexing roots. Hence, it is sufficient to
check [ys(u)', yT(v)'] on each x,(¢), all R € 21, for a representative {S, T} from
each of the orbits of W, on pairs of distinct roots from 20. These orbits are dis-
tinguished by the number of short and long roots in each pair, and the angle be-
tween the roots, as discussed in the section on F ,(2). We list the orbits, with a repre-

sentative. We use earlier notation for roots in a system of type F .

{11'00, 0011'} € (1, 1, 909,  100.1", 0001} € (I, s, 1359),

{11'00, 0010} € (1, s, 909, {0010, 0001} € (s, s, 909),

foo11’, 0010} € (1, s, 459, {0010, 11'11} € (s, s, 609,
{0010, 11'1'1} € (s, s, 120°).

The correspondence between root notations is based on

1 ! 11041
011°0 = 5, 0011 =53, 0001 =5,, 1I'l'l" =§,.

For each of the seven pairs, the relations (B) may be checked from Table 5
below, which gives [xR(t), ys(u)] in row R, column §, for R € 21, Se 2’0’ The
notation T(v) means x .(v) or y..(v). We omit xQ(Z), Q=25+ 452 + 353 + 254,
and elements of F, since they are central. We shall also need to know the primary
roots for short roots in 21 to keep track of the f(, )’s. These are listed in
Table 4 and are used to construct Table 5. The details of all these verifications
are a multitude of simple calculations left to the reader.

Now, form the semidirect product LG, and factor out the diagonal subgroup
in Fx F to get Q, our desired extension of P. Identify L, G, and F with their
images in Q. Q is a proper covering of P as F C G; C Q'. Moreover, Q induces
an extension V of U with V/F & U, FC V'. Our next step is to show that the
cohomology class of the extension E of B, the Borel subgroup is stable with re-
spect to G. This will establish M,(G)=Z, x z,.

Choose representatives y(x) € E for each x € B. The factor set b(x, x') of
the extension is defined by y(x)y(x') = y(xx")b(x, x").

We also denote by b the element of the cohomology class of b in H%(B, F).

To show b is stable under G, we show that the restrictions of b to U N U® and
Ug- N U correspond under the homomorphism of cohomology groups g

H¥(U NnU®, F) —H (Ug f'\ U, F) whicn are induced by the maps ot cocycles

-1 -1 -1
& lalx, y) = alx® -, ¢ yezXU® N U, F) for alx, y) € Z*(U N UE, F).

It suffices to let g run over a set of (B, B) double coset representatives. We take
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{nw| w € W} for these representatives. However, by the following result of
Glauberman, it suffices to consider only four n , where w runs over a set of funda-

mental reflections.

Lemma (Glauberman). Let G be a group of Lie type, and let B, N, n, have
their usual meanings. Suppose B is a cobomology class of B with

) c“5"(B|BnB“');éB|Be-l

nB

Then (¥) holds for g = n_, r a fundamental root.

Proof. Let R be a maximal intersection for which (*) holds. R = B N B8,
g=bnu, b€B, n€N, u€U. Then R=B NB** =B NB™, o s=R*"'=Bn
B"=Bn an, some 7. S is also maximal in our sense. Write n,=mnccon,
as a product of fundamental reflection n; with k minimal. Then, stk C U.
If £>2,by[18,p. 270}, BAB™ "< BB " " all m>].

Take an intersection D of B with a conjugate of B having D > S, p"! C B.

HYB, -)

res res
c
71

Hi(D, -) HiD"1, )

Table 4. Primary Roots for Short Roots in X,

0 (R, S); R primary, R+S5=0
at't1’, 1111y - a1’y 11'11°)
1000 (11:11’ 111111) (11111, 111111)
a’'mtt’r’, 111y (1ir't, 1'111’)
0100
@a'ma, 1111y - air’, 1'11'n)
(0100, 11'11) (0001, 1111")
1111
(0010, 111'1) (1000, 1'111)
, (11'11’, 0100) (1'111', 1000)
1111
(111’1, 0010) (1111, 0001")
, (11'1'1, 0100) (1111, 001'0)
111
(1'11'1, 1000) (111'1", 0001)
(0100, 11'1'1") (001’0, 1111")
11'r’

(1000, 1'11'1")

(0001, 111°'1)
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By maximality of §, the image of 8 in H'(D"1, -) along either path is the same.

But this, with the commutativity of

. n .
HiD, -) L H(D™, )
res [ j res
Cn
Hi(s, -) L His™, )

contradicts (¥). Therefore, & = 1, proving the lemma.
[ "
Let 7 be ng s M5 9 OF Mg and let b'= cn(bIBan) and b" = b'BnB"' Then

b' and b".are clearly cohomologous since the cohomology class of b, the re-
striction to B of an extension of P, must be stable under n € P,

For any group ] and 2-cocycle j which follows, the group determined by j
will be J(j)=1{(x, y)| x € ], y € F} with multiplication G yl)(xz’ ¥,) =
(x1%5 ¥17, j(xl, xz)). In the case j is identically 1, we regard | as the subgroup

{(x, 1)| x € J} of J(j). A system y(x) of representatives for x € | in J(j) are the
(x, 1) in this notation.
For n = n,, W= ws4, we make specific choices for the y(x), x € B. Let

Q=25 +3Sz+352+253+54 be the short root of greatest height in 23+,
Let 3, be all roots of 23* orthogonal to Q and let 3, = 22*\22.
3, =15, S, 485, S, #8545, 55,8, 8, +5,,
252+S3, 252+S3+S4,252+253+54}.
23={SI,SI+52,SI+SZ+S3,SI+SZ+SS+S4,
Sl+252+53,Sl+252+53+84,81+2$2+233+S4,
Sl+382+253+S4, 251+352+233+S4'
ZSI+252+S3, ZSl+252+S3+S4, 2S1+252+253+S4,
25, + 45, + 255+, 25, + 45, +35, + S, 25, + 45, + 35, + 25,1

Reorder the roots of 23*= 22 ) 23 as follows:

R<S if R 623, S 622,
R<S, R, Sc¢ 22,
R long, S short, R, § 623,
R<S, R,S € 23, R, S of the same length.

Since we know that in G, S5 = (y (), y_R(t)l all ) (X, X-R) CXp



(71 + n1)0,101 (2 ‘0/(27)0001 (m DIANHT, T (7 Dim, 111 1 1 RN
1 (71 + n7)1001 1 @ DJANITT (9)00TI(™), 1111 I 1,111
(7 1/ (27)0001 (77 + 710101 (2 ‘Dl(antint I I I 111
(71 + n7)1001 1 1 I I 1 18881
(7 Dl(rn1,111 (7 DlanILI (211 + n1)1010 (n1 + n1)O110 1 (n17)0011(7#)0001 0010
& 1 1 (21 + n1)1001 (71 + n1)0101 1 1 0001
) 1 1 1 (Z2n1)0101(77)0001 (77),1001 1 0,101
2 1 1 1 1 1 1 0101
m I (2n1)1001(7)1,111 1 (2n1)0T10(”7)0010 (77),1010 (710,101 0,110
o (2n1)1001(*) 1111 I 1 I 1 (70101 0110
(2n1)0,101("7), 1,111 (2m1)0101(77), 1111 (277)1010(™1)0010 I 1 (n7),1001 ,1010
I 1 1 1 (710110 (71)1001 1010
I 1 1 1 ("1)0101 1 1001
I I (n1)1001(%7)0001 I 1 1 ,1001

1,11 1,11 1000 0100 ,1100 00,11
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define kR(/\) as the unique element of S, mapping onto bR()\). Then H* =
{kR()\)l all R, all A} = H, the Cartan subgroup of X (and of I'). Every element
of B may be written uniquely as xh, x € U, b € H.

Choose y(xR(t))= (xR(t), 1)eEifre 21, y(xR(t))= yR(t) €EEifRE€ 20,
y(h) =k for h € H, k € H* as above. Then set y(xh) = y(x)y(h), xbh € B, x € U,
b € H, where x = HxR(tR), the product taken in the order <<, and where y(x) =
Hy(xR(tR ). The factor set c(x, x'), x, x' € B is defined by y(x)y(x') =
ylxx"Yelx, x").

Let My=(X | R € 23>, Y=(Xp|RE€ 22>. Then M, <IB, MY =1U, M, N
Y = 1. By checking the roots involved, we see that c restricted to YH is identi-
cally 1. Also, c(x, h)=1, x€ U, b€ H, c(x,x')=1, x € Mo, x' €Y.

For x € U, write supp(x)=1{R € 22+| te £0inx= IIxR(tR)}. We may write
x=x%,,any x € M, where supp(x ), supp(x ) consists of only long, resp.short,
roots. Note that if supp(x), x € M, consists of long roots only, then xx'=x'x,
clx, x')=1=c(x', x), for any x'€ Mo-

1

For x = X%, € Mo’ x'= X%, € M0 written as above, we use the standard

factor set identities (see the section on F ,(2)) to get

clx, x') = clxx,, x') = clx), xzx')c(xl, xzx')c(xl, x,)
- c(xle) +1.1=clx,, x'lx'z) = clx,, xl') c(x2 x;, "2’ )c(x;, x;)
= c(xl', xz)c(xle', xz') c1=1. c(xle', xz') = clx,, xz')c(xl', xzx;)
. c(xl', xz) = c(xz, le) c1.1= C("Z' le)'
We can prove d restricted to M) is identically 1 if we show c'(xz, xz') = c"(xz, x;).
We verify this last condition directly. Write (ppeemyv 9) for the element
%5, 00%s1105,02%s 15,105,055 s us s W0 %S Las, s, @)

TS 428, +S3+S4(v6)x31+25‘2+2$3 +S4(v7)x$l +3s2+253+s4("a)
. i 1 e e n =
x2S1+382+2S3+S4(v9)' A direct computation shows (v,,---, ve)t =

gy, vy Vgr Ugs Vo Vg Vg v9), where supp(g) consists of long roots.

U
Now take x, = (tl"" , t9), x,= (ul,... , u9). Then
'
y(xz)y(xz) = y(z(tl tuy, ty tu,, 13 + s, Ly +uy, tS ‘U, to tug, ty + uy,
tg +ug, tog +ug + tiug +tyu, + Lyug + t4u5»
fey, ugf(ey, @)fe,, zfe,, ),

where supp(z) contains long roots only. Using the above rule for x;, xz'", we
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calculate

n ny _
YW = ylz () +ups by vy, ty+ug by +uy, to+ug, tg+ uss by + ug,
t8 + ug, t9 + ugy + tlu8 + t2u7 + t4ts + t3,76))

MGy, ugdflty, @ )f(e,, T, %),

where supp(zo) contains long roots only. Clearly ¢ '(xz, x;) = C(xz’ x;) and
c"(xz, xz') = c(x'z', x;") are equal. Thus, d is trivial on M.

Since we have d trivial on YH and M, {(x, 1)| x € H} = H, {x, )|xeYn
Y? = Y,, and {(x, 1) x € Mol = M, are subgroups of (B N B")(d). If we can show
that all commutators [y(xR(t)), y(xs(u))], RE€ 23, Se 22, lie in M, we will get
(B N B™)(d) split because MY H will be a complement to F in (B N B”)(d).

n ! .

- f@ , U )"’ because w is even. In (B N B")(b"), we have [y(xR(t)),
Y@ = y(lx g (0), x5@)) - f* R, u* SN RS 5 in (B NB™)(@), d=b"b",

[y(x r(D); y(x s(”))] =y(lx r®) xs(u)]). This verifies the above and completes the

proof of stability.
We conclude M2(2E6(2)) o~ Z2 x Zz'

CHAPTER III. REE GROUPS

The groups 2F4(q), g=2°"*! n>1. Let K=GF(g), q= 227+1 and let 0
be an automorphism of K with ngz =x, x € K. We prove G = 215'4(1]) has trivial
2-part to its multiplier by the usual generator and relations argument for n > 1,
and treat 2[74(2) and the simple subgroup 2F4(2)' separately later.

The following discussion holds even for ¢ = 2. Notation and (B, N)-structure

come from Ree [12] and Tits [19], and will be assumed. Define

uy () = o (0, uy(0) = ay(e)y uy () =a(d), ) = a, o(2),

ug(8) = ag(t), u () = ay(e)y u,(0) = a,(t), ug(t) = o, (0),
for all ¢ € K, where the a.(t) are as in [19]. We have

uDu (u) = u {t + ) for i even, t, u €K,

2641 - tuz 6,

ui(t)ui(u) = ui(t + u)ui(v)2 for i odd, t, u €K, v
[ul.(t), ui(u ) = ui(v)2 for i odd where 029+1 = 1?0 4 20

tu +t u
[ui(t), ui(u)Z] =1 for i odd.

(A)

Set w, = ui(l)ui+8(l)ui(l) for i even, w, = ui(l)ui+ 8(l )zui(l )"l for 7 odd.



SCHUR MULTIPLIERS OF FINITE SIMPLE GROUPS OF LIE TYPE 411

Then w,=w, g, wf =1, W= (wi[ 1<i<8)=D, and W is the ““Weyl group”

of the (B, N) pair for G [19]. Abusing terminology slightly, we write U =

(| 1<i<8,t€K), B=UH=N(U),N=HW (=N H)if H£1), N/H =W
and the extension splits (see [19]). Letting U, = (ui(t)l t € K), H normalizes each
U;, and W permutes the U; under conjugation. If we think of the U; as points in
Euclidean 2-space (as in the diagram below), the action of W on the *‘roots’’ U,
may be expressed by interpreting w; as the reflection through the line orthogonal

to Ui.

12
T
U Uis 11
14
Uto
Us Uy
Uye O —o Uy
U1 U7
U
2
U3 U5 U6
o)
U

In fact, we have u (t) =u (t) forw e W, where Uw = U To have some notation
for elements of H, we momentanly view 2F (q) C F (q), and use the usual
Chevalley group notation for elements of F (q ) [4). For i even, A € KX define
b (7\) € 2F (g) by b ()\) =h ()\ze)b-()\) where r is a short root, 7 long, in the
expression for a(t) = x (¢ )x;(t). Similarly, for i odd, define bi()t) =h (A )b'-()t)
where 7, 7 + 7 are short, 7 is long in the expression for a(t) =
x (t )x (t)x -(te + l) The action of the b ()\) on the u. (t) is thus calculated in
the larget group F (q) Finally, <U1 ”8) ~?p ,@), the Suzuki group Sz(q),
for i odd, and 2 Al(q) o~ SL(2, q), for i even.

The nontrivial commutator relations among ui(t), u].(u), for 1<i,j<8,i £

are given below. To get other [ui(t), u].(u)], i #j+ 8 (mod 16), conjugate the
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arguments by some w € W to a pair u,(t), u,(t) for which 1 < i, ]"5 8.

Ly (), u5(@)] = u,(2w),
L) (1), @) = 4,2, 2941 = 1
lu, (@), u ()] = u3(v)2u4(t29u)u5(v0)2, p20+1 _ 2041, vge*l = tu?°,
[z, (0), u7(u)] = uz(te+lu)u3(t2eu)us(tu29)3u6(tuw+l),
[ul(t), us(u)] = uz(tz6+2u)u3(t29+1u)2u4(140+2u20+l)us(t29+1u29)3
. u6(t26+2u29+1)u7(tu).

lu,(2), u (u)]— u (v)z,v 1 tu,
(B) [« (t), u7(u)] =u (v)2u4(tu20)u (v )2, 2041 _ 26, v(z)e*’l = 12941,
[uz(t), us(u)] = u4(t29u)u6(tu29),
[ua(t), uS(u)] = u4(tu),
[u3(t), u6(u)] = us(v)z, 02941 _ 4y,
[u3(t), us(u)] = us(v)zuG(tzeu)u7(v0)2, p20+1 _ 2041, v(z)e"l = u??,
lu 0y )] = w02, 204! = 1,
[us(t), u7(u)] = u6(tu),
[us(t), us(u)] = u-,(v)z, 22941 -,

We now assume ¢ = 2°"+!

group A. To establish m,(G) =1, we prove any such ¢ splits. By Gaschiitz’s

> 8. Let G be a central extension of G by a 2-

theorem, it is enough to show that a set of representatives vi(t) for u (1) in G
satisfy (A) and (B), for then U splits, as U is clearly presented by these relations
holding among the generators lying in U. Note that commutators in G depend only
on the coset of A in which the arguments lie. The same holds for conjugating
elements. We freely regard elements of G = E/A as cosets of A.

For i even, let v,(t) = [ui(t(l +A%~h, bl.(A)} € G. Then these v (t) satisfy
v (t) € u(t) and

vl.(t)b = vi(t') where ul.(t)’J = ui(t'), for h € H,

‘Ui(t)w = vi;(t) where ul.(t)w = ul./(t), for w € W.

We first proceed to lift the relations holding among the u(t), i even, to the v ().
Set [v (t), ; (u)] =ft, u), lv (t), ; '(u)] = g(t, u). Since f and g are A-
valued they are b1lmear functions of t and u. In the first case conjugate by
()\), and in the second, conjugate by 5 ()\) This yields f(¢, u) = f(z, A2, ).
So, 1=/t 1- Aze)u) Since t and u are arbltrary and g > 8, f is identically 1.
Also, g(t, u) = g()\zt, u). Likewise, bilinearity forces g = 1. These relations now imply
that f(z, ) is bilinear in [v (), v, (@)]=v ,.1‘2(,29,,),,1.+ 4(,,,29) f(t, ), and conjugation
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b;, Q) implies /(t, u) = {(t, \2%); then [ = 1, as above.

Working out relations for Ui(t)’ i odd, is a bit more subtle. Z(U) consists of
{us(t)zl t € K} by [12, p. 414]. By arguments like the ones in the preceding para-
graph, we can easily establish [vl.(t), u;, l(u)] =1, i even, and [ui(t), ui+2(u)] =

1(tu), 7 odd (the ui’s denote cosets of A). Inspection of the table of commuta-
tor relations shows u (t)us(u)C AV' for some t £ 0, all u # 0. Such elements
commute with elements of {u (t)2| t € K} cZ (V), the second center of V. Since
we already know that for all t yu',lu (t "), u (u "Yl=1in &, by the above two
relations, we get [« (t), u (u)z] =1 for all ¢, u € K. This holds in all U, i odd,
by W-symmetry.

The subgroup S =S, =(U, U, g), i 0dd, G is isomorphic to the simple Suzuki
group defined over K. By Alperm-Gorenstem (1], m(S) =1, unless ¢ = 8. If s
denotes the induced extension of S in G, we claim § splits. This is clear if
q> 8: 3' =Ax (3‘) But if ¢ = 8 and S does not split, the analysis in [1] shows
that in S [u (t), u (u)2] # 1 for some ¢, u, contrary to the previous paragraph. So,
5 =Ax (S) , (S) ~S in all cases. For i odd, we choose Ui(t) by the rule
{vl.(t)} =u()N (3') . Then (ui(t)l teK) a’(ui(t)l t € K)C G, and we have the
conjugacy properties for these v,(t) under H and W as for i even.

The remaining relations to be lifted to the v (¢) are of the form [ui(t).

I.(u)], where i is odd and 3 <j< 7. By W-symmetry, we may assume i,
i+jell, 2,---, 8}, and even that i = 1.

[v NON (u)] =v (v)z/(t u), v 2041 _ 4y Using previous relations, (¢, u) is
b1lmear Con;ugauon by, say, b ()\) gives f =1 via the usual argument.

[v (t), v (u)] =1 because the commutator lies in [?1’ (Y ] The latter com-

mutator is mvml because §, and S are commuting perfect subgtoups of G.

[vl(t), v6(u)] = v3(v)2u4(t26u)v5(w)2/(t, u),
_1129“: t29+1u’ w20+ _ 26
Using previous relations and taking u; £ u,, we get, by the usual commutator
identities, [vl(t), U6(u1 + "2)] = [vl(t), v6(u2)] [vl(t), v6(ul)]. Comparing each
side, we get f(t, u, + uz) = f(¢, uz)/(t, ul). Conjugating the original relation by
bs()\), we get [(t, u) = f(t, \u), all t, u € K, A € KX, So 1= [(t, (1 - A)u) gives
f=1.

v, (0 v, @) = 0, (%4 ), (2o (2P0 (12 O+ 1)1, w).

Conjugating this relation by bs()\), we get f(¢, u)=[(t, )t"l)\zeu). Conjugating by
b, V) gives (¢, u) = fA"'A2%, u). These imply f(t, w)=f(t', u"), for all t, u, ¢',
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u' € KX, Now, [v, (1), v ()] = v @), v, = (lv, ), v, )", So, fGt, u) =
f@, 1)~ = f@t, u)" !, i.e., [(t, u)* = 1 for all t, u € K*. This fact and previous
relations allow us to compute that [vl(t), v7(u)2] = [vl(t), v7(u)] [vl(t), v7(u)]v7(u)=
va(tzeu)zvs(v)2v4(t9+ 1uza“)vs(tuz9)2v5(1/0)2v6(tuz9+1) for some v, vo (the point
is, [ is not present). Also, 117(11')2 commutes with each term on the right, for any
u' € K. Select u, # u, in KX. Then, for some Uz,

[vl(t), v7(u1 + ”2)] = [vl(t), v7(ux)v7(u2)v7(u3)2]

= o 00y ()2 0y 1y 17743 L (0 w177 2707,

Using previous relations, we compute both sides and find f(t, u; + uz) =
G, ul)/'(t, uz). Since all these [’s are equal, [ = 1.

[v 1 (t), vs(u)]

= 0, (120420 (294102 (4942204 1), (204130 (204222 O G G, )

is the last relation, and we handle it as before. Using previous relations, we
calculate [vl(t), z;8(u1 + uz)] = [vl(t), vs(uz)] [vl(t), vs(ul)]vs(uz), which gives
ft, uy +uy)= @, u)f(, ”2)‘ Conjugating the original relation by bs()\) gives
f=1 as usual.

We have shown that the v (t) satisfy the relations (A), (B), the requirement
for showing mz(G) =1, n>1.

The simple Tits group 2F4(2)' and 2I~“4(2). We now let G be the simple group
F', F= 2F4(2), and prove m(G)=1. Since F/G = zZ,, cyclic, this is enough to
give m(F)=1 as well (11).

We use previous notation as much as possible. Let u,=u;(1), z = ué. Now,
Cp(z) Duy, uyy e, u9). Since the latter group is a maximal parabolic subgroup
in F, the containment is equality. By the table of commutators 0,(C(2)) =
("2’ Ugyto® us), (”1’ u3) is a Frobenius group of order 20 [19], and CF(z) =
Oz(CF(z)) (ul, u9).

The homomorphism of F onto Z, is induced by sending u; — 0 € 2/2Z for
i even, u; — 1€ 2Z/2Z, for i odd [19]’ So z € G, the kernel of this map, and it
is easy to determine the elements of C=C(z)=G N Cg(z). Letting T = 0,(C),
T, =T, Ti+ L= [Ti’ T] in the usual lower central series notation, we caf

easily get
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Ty = (uy, uy ug, ug,uiu,.| i, jet3,s, 7.
2 2 2 2
Ty = (ug ugs u3, us, u3) T, = (us).

IT,| = 2%, IT,| = 23, |T3| = 2. Lety be any element of order 5 in C (say y =
ul'lu9). By the multiplication table, y is nontrivial on X = T,|/T,. Since |X|=
2%, X is y-irreducible and X = [X, y]. Similarly, T,/Ty=IT,/T;, ¥l

Set E = (ulus, Ugig) CG. E is a complement in C to T, and E is a Frobenius
group of order 20 because (u, u9) C F is, and ug centralizes (u,, u9). The
normalizer in C of the cyclic group of order 5 in E is(E, u )

Let G be a central extension of G by a 2-group A. We shall prove that if
At1, AL ekt , from which m,(G) = 1 follows.

As usual, % denotes the induced extension of KC G. E denotes an arbitrary
(unless specified otherwise) representative in G for g € G. We write E € g, re-
garding g as an A-coset in G. Since commutators and conjugating elements depend
only on their A-cosets, elements and subgroups of G act on elements, etc. of G.

A word of caution: while elements U u,, etc., lie in G, u; and Uy do not. So

3

u,u, is represented in G by U Uy, not u u;

173 3"

Consider C and § = T The major step is to show A NS'=1. We analyze

the §; by the action of E on the § /Sz+1

~
Since A is central, T, =1 implies S5 = 1. T3 is clearly abelian since T, is
~
cyclic. We claim T is abelian. It suffices to prove that ', ¥ commute, where

u, v € {u , U ug, uz} a set of generators for T

4’ 2°

(@) u5 commutes with the others because [T 7,\'/] = [AS AS ]C S = 1
/\/ \/

(b) Let a=u u7, u ]6 A, The commutator i is bilinear, so a?=1 as (u ) € A.

N ’\.1
Thus, 1 = [(u3u7) s U ]_ [u 2][u7, u2] = [u3, u2] So, u uj 2 and u7 commute.
(c) 17 and ”6 commute because [u4, u ]= [u4, u ]u 0 ’\2,\6”;’? =
(u Ugy Ug ][u y U ]—[u4,u 12 by W-con)ugatlon. So, [u4,u ]1=1.
[us, ”6] =1, by (a).

and1=[®/)2,u~]=

w w
d) u and u commute because [u ) Uy u 1°8

(e) Let a= [u 3qs U ] As in (b), a

Y18 _ 4 ]—lby (a) we see that 4 and

~
[u3, u ][u7, 6]° Since [u7, u6] g 3
~
ug commute.
All other pairs of generators u, v commute because [u, v] is con)ugate under
W to a pair covered in (a)-(e). So, T is abelian. Writing T = [Tz’ vl x CT &)
by Fitting’s lemma, S5 AC C"’(y), S NA=1 1mphes that T is elementary

abelian. In particular, if g is an mvoluuon in G, then g is an involution as g is

conjugate to either u, or ug.
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Assume ACS'= §,. Let L be the Lie algebra associated with §, L = Lle
L, o L3 (&) L4. AC s, implies L = TI/TZ as E-groups. Let L =L, & Loze
- be the tensor product of L with an algebraically closed field of character-
istic 2. Let {.,"'1. be an eigenvector in L, for the eigenvalue A of y and let n;
be an eigenvector for A on L,,- The fl. form a basis for L,;. We may assume
that £ = &, upon altering the &, by scalars, where v € E, y¥ = y3. Similarly
on L,, 77:.' =17,,- Since L03 = [LOI’ LOZ]’ {"iq]. with i + j = 0 (mod 5) are the
only nontrivial products among the fin]. because 1 is the only eigenvalue for y on
Lys. But (fl 7]4)”2 = fzenze, e=0,1, 2,3 (indices taken mod 5). Thus
dim L03 < 1. The dimension is 1 because 1 # ug € T3. Say { generates L03.
L04 = 0 because [Loz’ L’02] = 0 follows from.T2 abelian, and [LOI' L03] =0
follows from §l§ being an eigenvector for A’ £ 1, all /, against Ly, CA being
centralized by y. So, [S,]=2.

Our analysis shows that the image of A C S in L (resp. L )must lie in L
(resp. L,). Since L generates L as an algebra A#l 1mp11es some tfitfj,
i+ j=0 (mod 5) must be nonzero. Conjugating this product by v implies all .fl.f].
with i+7=0 (mod 5)are equal and generate the image of A. So, |A| < 2 and
24 < s, <25

We now analyze the structure of C(z,) and its induced extension in G.
Similar results will hold for any g € G conjugate to u4; in particular, the «, i
even. C (u ) contains X, = <ll:)l’ g2 Uys Uy Uy U,y u.,, Ug u16), 0=
0,(X, )(us, u, ) and 1X,l=2 3. C;(u,) contains X = G N X = (ul, Uy Ugll
u%, Uy Ugs u.zl, ug, uy ) of order 29 . 3. By the character table of G (M. Hall-]J.
McKay, unpublished), X is the full centralizer, so the containments are equalities.

In what follows, we shall prove that, for a given u4 in G,

(i) precisely one of u4, u a is expressible as a commutator in X (equiva-
lently, in a Sylow 2-subgroup of X), call it u4,

(ii) u has a square root in G and u4 a does not.

Let R = OZ(X)~ <ul’ uZ’ u

.8 53
|RI"2 ’ |R2l—2 ’ R3

The elements uf, Uyy U

2
u u? us, Uy U u7), D = (ug, ulé)gDé.

3 3?
=1, R/Rz and R, = (ug, U ui) are elementary abelian.
3sr U u.2, generate R. The element r = ugl ¢ of order 3
in D acts on R, with indecomposable constituents R, = (u ) and R,, = (u;, ug)

It acts on R = R/R with mdecomposable constituents of orders 2, 2 22, namely

_(u usu u6), = (uz, u6), —(ufu;, &'2 3% 6u.,) and these are each

D-mvanant. ~
Our first step is to show a ¢ VZ’ where V =R, Assume 1 £a¢€ V, We argue

that ;: remains central in V. Since RC T = OZ(CG(ui)), u, € TZ’ if 1;: were
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noncentral in V, then [u , x]=a, for some x € V. But this violates [52, Sl= 53,
afS,. Now, V, =1as Ry=1. Let L(V)=L, ® L, ® L, be the Lie algebra
assocmted with V (L, = V/V = R/R here) If a€ V = LS’ then (@)= v, and

a= [xl,x ] where x, €V \Vz’ x € V ( denotes 1 1mages in L(V)). Smce u4

2 2
59 3» Ug or usus, all ~
Replacing x, x, by conjugates, we may assume [x, u§]=

is central in V, we may take x, € R,.. This means x, € u?

conjugate in X to ug.
a, a contradiction to [Sl’ Sz] =1. So,a ¢ Vy=L,=1

As a€V,, o is a nontrivial element of L,. Denoting by L (V)=L,, &
L,, the tensor product of L(V) with an algebraically closed field of character-
istic 2, we get o= ££'in L(V), where ¢, &' are r-eigenvectors in L, for eigen-
values A, 7\ respectively; )\3 = )\ =1, and )\l)\z =1 since a is central. Ay =
A, =1 is 1mp0531ble since the exgenspace in L, for the eigenvalue 1 is one-
dimensional, generated by the image of E,. So, A, £14 )\2, )\f =A,. Let fl,

be eigenvectors for A, and let £ , & be eigenvectors for A_ in L Then
3 8 1 2’54 8 2

‘fl fzy 5154, {"3 rfz, 53‘54 span the eigenspace for 1 on L .
We may choose notation so that £, &, lie in the subspace of L generated
by E, and ef3, §4 lie in the subspace of LO1 generated by EB' Now, we examine

01°

commutators involving elements of V corresponding to E, and E;. Note that these
commutators depend only on the V,-cosets of the arguments as V=1

Since [uz, ul=1,if a*= f {"2, then a = [u’\;, z:Z] € [ASZ,AS 1=1, contra-
diction; so &, &, = 0. Now, & .f # 0, because it corresponds to the image in
"\/NN

U uglst gl 7
o VRN, V) —_— . P

Thxs leaves rflf4 and {:253; so we look at [ez, e3], ¢,€E,, g, €E,. All

02 of u = [ulu

~ o .
these commutators lie i“‘Rzz‘ Replacing €, €, by conjugates, we may assume
N
€y
. ~
which [’e\zl, 63] € ug:

g 2 2, . . . S
e3] €uj; e, e, € Co(u) since V,=1. We now list all pairs (¢, @ ;) for

@y uin)), (@, zEymsagd), (@7, ulaude,d,)-

~ f\.é»\z./ . z\2~/‘3\/

['12, ujug ] is conjugate to [u 6’ uju,Uu 6] in X via u, € C (us), hence, they
/\/

are equal. Now, [u6, uyu 3”5“61‘7] € [52, sl= S and, using the tommutator

’\J ~
identity and previous results, [”2’ u1 7] = [uz, u7], an element of [S, 52] = 53.

Since |u2 ns I =1, all three commutators are equal. The same holds for the
commutators [ez, 2] in u and i m/\2 g Let u2 denote the unique element of

uS n [”2’ u ] and defme u3, u3u5 similarly for appropriate [ez, e ]



418 R. L. GRIESS, JR.

We now assert that the three distinct commutators [e’\’z, ’e‘;] £1, 7?'2 € Ez’
33 €E 30 together with the identity element, form a subgroup (a four-group). By
symmetry under D-conjugation, the following argument suffices: for

3% 4> = e

_[ow w37 A 9
[”2' ujuzls ujug = luy, u2u3u5u6u7]
we have
2-2112-'17"uu][u uuu'z?"uz] 'z?’uuuuu]u
Ug = Uszls 20 Uglqllldy, Ujlsliglsly 20 #1%2%3%s%6 0 T %3

So, a does not lie in the subgroup of V, generated by the commutators [e, e,].

This means §1§4 = fz rf} =0anda¢ Vz. Now, denote by Q the unique element
of ug N V2.

Let (@) be the image of (a)on V/V,. (@) splits off the fixed point free (r)-
submodules of V/V2 by Fitting’s lemma. So, if a € Y', where Y = (v, uB), a

Sylow 2-subgroup of X, then we must have [~ /;3\;’\6/’ ’\8'] = a (mod V2) (recall

that E, is the (r)-fixed point space of R/R =V/V ) Taking preimages, this
’\/'\.« A

>~ AN Y /\./
34 u6,u _u4u5a We also have lujuzu ug, ugugl=ua.

Now, p = u2 5t has square u  or {4\40«, and o= u6u8 is an involution.
Therefore, (dp)’ = o pz[p ol = pzé\a. Since @ has no square root in G, p? = Z:a.
Now, [:fz?; ]_/11\4 (not /14\4
being involunons we have, for 7 = ;?"2"'\6' §7 r? _{¢\4 So, (pr)? = p%r2lp, 7l =

(u ey (/\) 1 = a, a contradiction. Therefore a ¢ Y', which establishes asser-

implies [&,u

a) since the > arguments lie in V. The arguments

tion (1).

We can also see that (a) splits off V. For a £V, and AVZ/V2 splits off the
fixed point free (r)-submodule, and off (p) as well since a ¢ Y'and p? = é} EV
can be established by repeating the argument with g, p, using [p, ol = u,. In
particular UI(V)Q V,.

Since we know v, and enough about the action of ug on V/Vz, a corollary

is |Y'| = 2%, Infact Y'= (VZ, %), x,), where the x_ are suitable elements of
~ N 2 . AN .

the cosets "6’ u2u3u5u6u7. Another corollary is that z,@ has no square root in

~

G. If it did, 2= ua, €Y. Write 7 = uNBu, u € V. Since 7% € AV_, r must fix

u modulo AV ; hence [u, ug] € AV, C C@). So, r? = ulu?lu, ugl = u?lu, ug):

Since u’ € Vz’ ua= tey' follows, a contradiction. At this point, (ii) is

clear, and so both assertions have been proven.
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N\ . .
For later use, let u, denote the above-mentioned suitable element X €ug

u € Cry (u ), as is easily seen, and ug is conjugate

~

AN . %1 si
Le., ug =), ugl. Since T,
to u,, the use of here comc1des thh the previous meaning for con]ugates of u4.

) 4, u3u3u5, 8).
~ N A

|S:L| =2, and a representative for the nontrivial coset of L in S is p = u4u5u7 8

& u4,u§)and IL'] =
24, Since S CL'CS , L'<0S and S/L' has class 2. So, Sz=(L',[0,p]|

We now return to S and compute S2 Let L=C (u )= (Sz’ u
From our analysis of ')\(', we can calculate that L'= (ug, u

oelua u4,u3 3 5,u i)

w, to

We proceed to determine the [o, pl. [’17’174, pl is conjugate via wwe

NN A
’1‘\1/6"2’ uuut,)eu o and the arguments lie in C(2 ) By (i), this conjugate

2737576 A
equals é} Conjugating back, 7 4, pl=u € L.
AN
Next, define u = [u f\zfs, ple u4 Set 0= uﬁ?&? Then, 0° = u§u4u5,
gevV. Also/p{2 = Q because p Y18 ¢ v and (,owlws)2 = u,. So, (po)? =
AN~ DHA An
2[0, p] = u§u4u§u6u4 = u3u5u6(u u ) Note u4u € A, Conjugating both sides
—~" AN\ N /\ ~
by u3u5u1 =x, we get (p*o ) =u (u u ) u4 u,, we have a contradiction

to (ii). Hence, [;3 '/\/5, pl= a,¢ L'.

This means §, is generated by L' (order 2%) and the remaining [o, pl; viz.,
8 ple ug. We conclude 1,1 = 2% = IT,|, and that A =1 under the hypothesis
AC S

The remainder of the proof is easy. In our central extension Gof G by a 2-
group A, we have A NS, =1. Let A denote the image of A in § = S/Sz. By the
action of y on T/Tz, Fitting’s lemma yields S =[S, (] & A, the direct sum as
(y)-modules. Since the element v of order 4 in E normalizes (y) and S, v leaves
[S_, (y)] invariant. Therefore SO, the preimage in S of [3:, (y)], is a normal sub-
group of U=(S, v, A), a Sylow 2-subgroup of G. Furthermore, U/S, is abelian,
since the image is covered by (v, A). As ANU'=1,AC Z(E), a transfer lemma
(2) implies that A N G" = 1.

Since G is an arbitrary central extension of G by a 2-group A, we infer
mz(G) =1.

Showing mp(G) =1 for p # 2 is not hard. Since a Sylow 13-subgroup is
cyclic, m”(G) =1. Since GN ((ul, u9) X (us, u13)) contains a normal subgroup
S of order 52, which is a Sylow S-subgroup of G, we see that there is an element
in NG(S), say u2 € G, which effects a nonspecial transformation on S. By (7),

m (G)— 1. G contains H = (ua, 16)>< (u4, up,) D, x D,. H contains a normal
elementary abelian subgroup P of order 9. Take z € P |CG(Z)| =22.33 LetR
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be a Sylow 3-subgroup of C(2), |R| =27. Since |C(2):R| = 4, if R is not normal
in CG(z), CG(z) has Alt(4) as a quotient. Since R has no elements of order 9,
the extension splits, CG(z) = K + Alt(4) by the Frattini argument. We may assume
z € K. But then some involution i of Alt(4) centralizes K, a contradiction to
9‘1’|CG(i)l. So, R < C(i). Checking centralizer orders of 3'-elements, NG(R)/R
is faithful on R/®(R). If R is elementary abelian, |[N;(R)/R| = 23 . 13 since all
elements of order 3 are conjugate. But this implies 13 ||C(7)|, some involution
i, impossible. So, R is extra special of order 33, (z)=R'. This forces

G(z)/R -~ Z4, hence an involution inverts R/R', centralizes R'. By 2.1 of
(201, m,(G) = 1.

ThlS completes the proof that m(G) = 1.
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